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Abstract

I propose a simple way to obtain robust standard errors in linear panels in a spatial
context with endogenous covariates where the number of time periods is small relative
to the cross sectional dimension. The method is based on applying a Spatial HAC to
an average of moment conditions across time to obtain a covariance estimator that is
robust to both spatial and serial correlation (HACSC). I also present a control function
approach (CF) alternative to estimate the parameters and extend the HACSC estima-
tor to this case, where the standard errors require an adjustment to account for the
sampling variability induced by the first stage estimation. In addition, I derive the
Fixed Effects-Random Effects equivalence under a Correlated Random Effects frame-
work in the presence of a spatial lag of the dependent variable to obtain a fully-robust
Hausman-type test using the HACSC estimator. I run a Monte Carlo experiment and
show that the HACSC estimator is robust to strong patterns of serial and spatial cor-
relation. Furthermore, I also find that whenever the CF assumptions hold, the CF
approach is more efficient than Two-Stage Least Squares. Finally, I estimate the effect
of school district spending on the performance of fourth-grade students in Michigan,
allowing for spillovers across districts. I find that the expenditure from neighboring

districts has a positive and non-negligible impact on test passing rates.

1 Introduction

The assumption of independent data is widespread in empirical economics since it sim-
plifies many of the estimation methods. However, in many fields such as international
trade, urban economics, public policy or even network analysis, this assumption might
not hold since the outcome variable of an individual might be affected by other obser-
vations’ actions, which leads to (spatially) dependent data. Furthermore, many of the

tools used to develop the asymptotic theory behind popular econometric methods such



as the Central Limit Theorem and Law of Large Numbers often rely on independent
and identically distributed (i.i.d.) data. This facilitates both the estimation and infer-
ence, but if this assumption is violated, then the latter becomes more difficult even if
the parameters are estimated consistently.

Additionally, the increasing availability of data sets over time has increased the
popularity of panel methods in recent years as they allow to incorporate time effects
and to estimate richer models. Nevertheless, they also introduce complications because
the presence of unobserved heterogeneity could generate inconsistency problems both in
the parameters and standard errors if it is not properly handled. When combining both
spatially dependent observations and panel data, inference becomes more challenging
since the error term can be both serially and spatially correlated.

To address the spatial correlation, the literature in the field has usually resorted to
assume and model a particular structure of the error term, as it was common to do
with time series data. However, since the seminal work of White (1980), the common
practice nowadays in the latter is to use standard errors that are robust to general forms
of heteroskedasticity and autocorrelation (HAC). This procedure has been extended to
the spatial framework (SHAC) by Conley (1999) and Kelejian and Prucha (2007) in a
cross sectional setting. However, to the best of my knowledge and surprisingly enough,
this has not been extended to the panel case where the time dimension is fixed and the
number of units of observation goes to infinity, even in the linear case.! Admittedly,
there are many cases in which the time dimension is also large, however there are
also instances where the number of observations across time is considerably smaller
compared to the cross sectional dimension.

This generates issues because ignoring the serial correlation could still generate
biased standard errors, even if the associated covariance matrix is robust to spatial cor-
relation. In fact, one of the few routines implemented in Stata for panel data in a spatial
context corrects the standard errors for spatial correlation, but assumes serial indepen-
dence of the error terms. The main purpose of this paper is to propose a simple way
to obtain robust standard errors in a linear panel that are robust to heteroskedasticity
and both to spatial and serial correlation (HACSC), without imposing any structure on
the time dimension and using a Fixed Effects framework with endogenous covariates.
I also extend this procedure to the case of the control function approach, where the
computation of standard errors is more difficult due to the presence of a generated
regressor.

HAC estimators have been extensively used in the time series literature since they

avoid having to model the error term structurally, which can lead to inconsistency

IPerhaps one of the reasons is that econometricians assume that it is obvious what to do, but many
methods make strong assumptions in the time dimension like serial independence.



issues if that process is misspecified. Newey and West (1987) were the first to extend
White’s estimator to allow for general forms of heteroskedasticity and autocorrelation.
In the panel case, Arellano (1987) introduced the panel clustered standard errors, which
are robust to heteroskedasticity and autocorrelation but require that the observations
between clusters to be uncorrelated.

In spatial panels, multiple authors have made important contributions to the field,
extending many of the methods developed in the time series literature. For example,
Driscoll and Kraay (1998) presented how to deal with spatially dependent panel data
in a GMM context by averaging the moment conditions in the cross section dimension
index, N. Their approach relies on holding fixed N and letting time dimension T — oco.
Vogelsang (2012) develops asymptotic theory for linear spatial panels with fixed effects
in a fixed-b framework by averaging HAC estimators and by computing the HAC for
averages as in Driscoll and Kraay (1998). In this case, the asymptotics rely again in
T — oo and allowing N to remain fixed or to grow. In a similar context Kim and
Sun (2013) proposed a bivariate kernel HACSC estimator, which requires that both the
cross section and time dimensions to go to infinity. Bester et al. (2011) suggested a
cluster covariance matrix that is applicable when the data is dependent in the context
of time series, spatial and panel data. More recently, Miiller and Watson (2022a)
introduced a new methodology to construct confidence intervals based on population
principal components with the property that the resulting interval will have a coverage
probability of 95% for a set of spatial patterns in a cross sectional setting. Miiller
and Watson (2022b) extended this framework to spatial panels to cover estimation
techniques like difference-in-difference setups.

At the cross sectional level, Conley (1999) was the first to develop a Spatial HAC
(SHAC) estimator in a GMM context. His approach is based on the assumption that
the data generating process is spatially stationary. When working with dependent data
and allowing N — o0, it is common to assume some sort of weak dependence mecha-
nism, analogous to the time series literature, so that the influence of one observation
on other units diminishes as the distance between them increases. In this case, Conley
assumes that the data is spatially a—mixing. Bester et al. (2016) provide a fixed-b
analysis of Conley’s SHAC estimator. Kelejian and Prucha (2007) relax the spatial
stationarity assumption and model the spatial dependence in terms of a weighting ma-
trix, arguing that having a different number of neighbors, as it is common in empirical
work, violates the assumption. It is important to note that their SHAC estimator is
based on consistent estimates of the error terms, but they do not provide any parameter
estimation framework.

Kim and Sun (2011) generalize this estimator to allow general linear and non linear

models using moment conditions. Conley and Molinari (2007) performed a Monte Carlo



study in which they compared the performance of multiple covariance estimators with
dependent data in the context of locations measured with error and they concluded that
non parametric estimators work better compared to parametric ones such as GMM and
maximum likelihood estimators. In this paper, I follow Driskoll and Kraay’s approach,
but instead of averaging the moment conditions over the cross sectional dimension, I
average the moment conditions over time and construct a GMM estimator and then
apply Kelejian and Prucha’s SHAC over the corresponding residuals. By doing this,
I avoid imposing any assumptions over the serial correlation and hence, construct a
covariance estimator that is robust to both serial and spatial correlation.

Beyond testing the statistical significance of the effect of a covariate on the response
variable, robust inference is also important when trying to choose the correct specifica-
tion of a model. More specifically, the correlated random effects (CRE) approach has
been very popular in recent years because it is a simple way to test between Random
Effects (RE) and Fixed Effects (FE) specifications and it allows to include time constant
variables as noted by Joshi and Wooldridge (2019). Furthermore, we can obtain the FE
coefficients of the time varying variables by including the time average of these on the
right hand side of the equation in a Pooled OLS or RE regression, a result attributed
to Mundlak (1978). Debarsy (2012) was the first to extend the Mundlak approach to
the spatial setting. More recently, Li and Yang (2020) showed that when the model
includes a structurally modeled error term (which involves maximum likelihood esti-
mation), the equivalence holds conditional on the parameter associated with the error
term, however, the equivalence breaks unconditionally, i.e., when this parameter has to
be estimated jointly with the rest of parameters. In this paper, I show that the result
holds in a specific setting; namely, if the model does not include a structurally modeled
error term.

One of the additional advantages of not imposing a particular spatial structure on
the error term is that some estimation methods become readily available such as Two
Stage Least Squares (2SLS) or a Control Function (CF) approach (Blundell and Powell
2003) whenever the researcher suspects an endogenous variable is in the model. In fact,
adding a spatial lag of the response variable as a covariate yields the spatial autore-
gressive model (SAR), a very popular model in this literature. However, Kelejian and
Prucha (1998) showed that this term induces an endogeneity problem, which is why
the researcher has to resort to an Instrumental Variable (IV) procedure. In terms of
the estimation of parameters, both 2SLS and the CF approach require the availability
of instruments, however one important difference is that the latter imposes additional
assumptions and is therefore less robust than 2SLS. On the other hand, if the assump-

tions hold, the CF allows to deal with the endogeneity in a more parsimonious way



if multiple functions® of the endogenous variable appear on the right hand side of the
equation and is probably more efficient (Wooldridge 2010). Note that this parsimony is
relevant in the spatial case since it is common to include spillover effects in the models
and therefore, the likelihood of having multiple functions of a variable increases in this
context.

In a spatial setup, Basile (2009) and Basile et al. (2014) extended the CF to additive
non-parametric models. In terms of inference, Basile et al. (2014) recommends to
use bootstrap to obtain confidence intervals, a practice that is common even in the
ii.d. case. However, as pointed out by Kunsch (1989), the independence assumption
plays a critical role on the validity of the bootstrap, so besides the computational cost,
in a spatial context this is not a trivial procedure due to the dependence between
observations. Intuitively, if we just randomly sample the data in a time series setting
at each bootstrap repetition, the serial correlation structure would be lost and a similar
issue occurs in the spatial case. This is why different bootstrap methods have been
proposed in the time series literature (see Politis and White [2004] for a brief overview),
nevertheless their extension to the spatial case is not straightforward due to the absence
of a natural ordering of the observations. Given this, it might be desirable to obtain a
closed-form formula for the covariance matrix when the empirical researcher is working
with parametric linear models with panel data in a spatial context. This paper tries
to fill this hole in the literature by adjusting the HACSC estimator to the CF setting.
This adjustment is necessary because in addition to deal with the spatial and serial
correlation, it is necessary to take into account the sampling error induced by the first
stage estimation.

The rest of the paper is organized a follows. Section 2 discusses the model and
the assumptions used to obtain the estimator of the covariance matrix. Section 3
presents the HACSC estimator and its asymptotic properties. Section 4 derives the FE
and RE equivalence using the correlated random effects approach in a spatial context.
Section 5 presents an additional application of the HACSC estimator under a Feasible
GLS context. Section 6 presents the control function approach and a discussion of
the additional assumptions imposed in this context. Section 7 shows an empirical
application of the HACSC estimator using data from the Michigan education system.

Section 9 concludes.

2A well known result in the literature is that 2SLS and the CF give the same numerical coefficients if
only one function of the endogenous variable is in the model. This carries over to the spatial case under the
settings outlined at the beginning of the paragraph.



2 The Model

2.1 Estimation of the parameters

Consider the following model?:

Yit = T1itP1 + 22302 + Wi X1py1 + WiXoyya + AWy + ¢ + ugy
=B+ W;Xey+ \Wiye + ¢ +ui, 1=1...N, t=1...T (2.1)

where y;; is the dependent variable, x1;; is a 1 x (k14 1), vector of explanatory exogenous
variables (including an intercept), xo; is a (1 X ko) vector of endogenous variables. The
sense in which x1;; is exogenous will be clarified below. W; is the i-th row of the NV x IV
time invariant weighting matrix W, whose diagonal elements are zero, Xi; and Xy; are
the N x k1 and N X ko matrices of exogenous and endogenous covariates, respectively,
for all observations at time ¢, y; is the vector of dependent variables at time t, ¢; is the
individual heterogeneity and w; is the idiosyncratic error. Hence (3, v and A are the
parameters of interest and they are of dimension (k+1) x 1, k£ x 1 and 1 x 1 respectively.
Throughout the rest of the paper, I assume that N — oo while T' remains fixed.

We assume that there exist a set of instruments z9; for zo; of dimension [ > ko
(so that W;Zy; are the instruments for W; Xo;). As previously showed by Kelejian and
Prucha (1998), the inclusion of a spatial lag of the dependent variable on the right hand
side also induces an endogeneity issue for which we also need instruments. Kelejian et al.
(2004) and Lee (2003) determined that the optimal set of instruments for this variable
is a sequence of the form WJX,, for j = 1...s,s € N (in this case, we would only include
higher power spatial lags of X1;). If we let wiit = WinTt, r=1,2, and 395 = W;Zo,
At = (14 Toa wiie woie Wiyy) and 0 = (8] B4 1 5 A), then the model can

be written more compactly as:
Yir = Al + ¢i + uit (2.2)

Since we are not assuming a particular structure for the error term, we can estimate
the parameters of (2.2) with the Fixed Effects 2SLS estimator. To do so, we can apply
the within transformation to all the variables, so let 4;; = y;+ —¥;, where g; = % Zthl Yit

and similarly for the independent variables and the instruments. Then we can use

3The model includes a spatial lag of the dependent variable on the right hand side for the sake of
generality and because this is a widely spread practice in the spatial literature. Nevertheless, it is important
to emphasize that its inclusion precludes the interpretation of (2.1) as a conditional mean function and also
complicates the interpretation of the coefficients. As such, in some sections of the paper this variable will be
omitted.



Pooled 2SLS to the transformed model

it = Aub + iy (2.3)
using the instruments Z;; = (T3¢ Wi Zoit 3ot wit wit ...W{;). Note that all
the individual unobserved effects have been removed. To obtain consistent parameters,

we need the following orthogonality condition:

E(Z i) = Elgit(Zit,0)] =0, t=1...T (2.4)
which is implied by the stronger strict exogeneity condition:
E(uit| Z) = E(uit|2, W) =0

where Z is the NT x [(s + 1)k + 20 + 1] matrix of exogenous variables for all cross
sectional units and all time periods. We note that in this spatial setting, this condition
is stronger than in the non-spatial case because here we are conditioning the expected
value of u;; with respect to all other units and not only 7’s independent variables [see
Wooldridge (2010), pp. 301 for more details].

The ¢;1(Zit,0) function is of dimension (s+ 1)k; +20+ 1 = r, hence for each i, there
are T' x r moment conditions. Under this framework, we could use many more moment
conditions because our strict exogeneity assumption implies orthogonality conditions
for each pair of time periods and cross sectional units [i.e. E(Zitujs), i,7=1...N and
t,s = 1...T], however we will only use the conditions implied by the FE estimator.
Using a similar idea as Driscoll and Kraay (1998), for each observation i we can average

these moment conditions over time?, so let:

T
1
9i(Z;,0) = T E 9it(Zit, 0) (2.5)
t=1

From this, one can construct a GMM estimator, which will be defined as follows:
/

Q (2.6)

1 Y 1 Y
6 = min [N D02 0)| Q|5 D_9i(Zi,0)
=1 =1
where ) is a r x r positive definite, symmetric, weighting matrix. Admittedly, as
noted above we could estimate 6 by running Pooled 2SLS on (2.3), however, the GMM
framework allows for more generality. For instance, averaging the moment conditions
over time for each observation can be done in other setups different than fixed effects.

Furthermore, this averaging might not be the most efficient approach, but obtaining

4Note however that Driskoll and Kraay’s case is based on having N fixed ant T — oo and they average
across 4 for all ¢.



the optimal GMM in a two-step procedure might provide some efficiency gains with
respect to Pooled 2SLS.

2.2 Assumptions

The consistency and normality of this estimator can be obtained from a Uniform Law
of Large Numbers (ULLN) and Central Limit Theorem (CLT) derived by Nazgul and
Prucha (2009) for non-stationary random fields in a possibly uneven lattice. Before
stating their assumptions, we need some definitions. Let D C R%, d > 1 be an uneven
lattice and let p(7, j) = maxi<k<q |jr — x| and |i| = max;<g<q |ix|, where ij, denotes the
k-th component of i, be a metric and norm, respectively, of R?. The minimum distance
between two subsets E, F' of D is defined as p(E, F) = inf[p(i,j) : i € F and j € F]
and let |E| denote the cardinality of a subset E € D. Other definitions used throughout
this section can be found in the Appendix.

We now state the assumptions required to obtain the consistency and asymptotic
normality of §. We note that the N subscript in the random fields and scalars of
the assumptions are to explicitly indicate that the ULLN and CLT can accommodate
for triangular arrays, which are common in the spatial literature and particularly in
Cliff-Ord type models. However, for notation simplicity, it will be suppressed in many

sections for the remainder of the paper.

Assumption 1
The lattice D C R%,d > 1 is infinite countable and there exists a distance py such that
p(i,7) > po Vi,j € D. Without loss of generality, suppose that py > 1.

Assumption 1 provides the necessary structure to the lattice. Note that the existence
of the distance is essential in order to obtain non parametric estimators of the covariance
matrix and it is analogous to the time difference between observations in the time series
literature. Furthermore, it is possible that the distance observed by the researcher,
between two observations i and j, p*(i,7), is measured with error. Note that the
existence and availability of this distance measure is not trivial, even in the leading
case of a geographical region. As shown in Figure 1, there are instances in which using
the linear distance between many pairs of points in that territory would not represent
the real burden to arrive from one location to another (e.g. driving), while there are

other cases in which this measure would be appropriate (e.g. pollution).
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Figure 1: Points in an irregular geographic region.

Now we state conditions related to the the g;(-) functions and Z; n, where Z; y repre-
sents an a-mixing random field such that ¢ € D. At this point, it is important to note
that since we are working with panel data and time averages for estimation purposes,
the random field considered in the assumptions is the one constructed with the time

averages for each observation.

Assumption 2 (Uniform Lo integrability)
There is an array of positive real constants {¢; 5} such that

lim sup sup E [|Z; n/ci n[*1(|Zin/cin| > k)] =0
k—oo N ieDy

Where 1(-) denotes an indicator function. Note that Assumption 2 allows for the
possibility of asymptotic unbounded second moments, however for the remainder of
the paper we will focus on the case of bounded moments, in which case we can set
ciy = 1 Vi. The next assumption put some restrictions on the o coefficients of the

random field.

Assumption 3 (a-mixing)

Let QfN = lei,N/Ci,N‘ﬂ(lzi,N/Ci,N‘>k?) denote the upper tail quantile function of

\Zi n/ci N|L(|Zin/cin| > k) and recall that ainy(u) is the inverse function of aq 1(m)
as in the definition specified in the Appendix. The a-mixing coefficients satisfy:

2
Ll "ol ) (w) | du = 0.
kingo Sl;[p 12%1:1)\] f() amv(u) |:Q2,N(u):| u 0

[e.°]
2. > métagu(m) < oo for k+h < 4.
m=1



3. @1,00(m) = Op(m™P~¢) for some ¢ > 0.

Under Assumptions 2 and 3.2 with £ = h = 1 and letting {Dx} be a sequence of
finite subsets of D that satisfies Assumption 1 such that |[Dy| — oo as N — oo, a direct

application of Theorem 3 in Nazgul and Prucha (2009) leads to the conclusion that

@;Z@N ~E(Zin) 50
Note that one could relax Assumption 2 to L; uniform integrability for the theorem
to hold, nevertheless, the below CLT requires Lo uniform integrability. In order to
apply this pointwise WLLN to the g;(+,0) functions, we assume that these satisfy the
regularity conditions specified in Assumption A.1 presented in the Appendix. Given the
fact that any measurable function of an a-mixing process is a-mixing, the ¢;(Z; v, 0)

also satisfy a pointwise WLLN, i.e.

1
Dx] > 9i(Zin,0) — Elgi(Zin,0)] 5 0 (2.7)
=

With this Weak Law of Large Numbers, in order for the above GMM estimator to
be consistent, we need an Uniform LLN for which we need the additional regularity
conditions on the g;(-, ) functions stated in Assumption A.2. Under these assumptions,
we have the following proposition, which is a special case of Theorem 2 in Nazgul and
Prucha (2009).

Proposition 1. Let {Dy} be a sequence of finite subsets of D that satisfies Assump-
tion 1 such that |Dy| — oo as N — oo and let Qn(0) = \DilN|ZieDN 9i(Zin,0).
Suppose (O,v) is a compact metric space and consider a sequence of real valued func-
tions {9i(Zi n,0) : i € Dy, N € N} satisfying Assumption A.2 and that for all 6 in ©,
these functions satisfy the WLLN in (2.7). Then

sup |Qn (0) — E[Qn (0)]] 5 0
6cO

With these tools at hand, define the following functions:

/ 1 N
“ [N ;gxzi,e)

1 N
Qn(0) = [N > 0i(Zi0)
=1

Q(0o) = Elgi(Zi,n, 00)]" Qo Elgi(Zin, 00)]

10



And suppose that 0L Qo, where Qg is a positive definite matrix. Recalling that
E[g:(Z;,0)] = 0 only when 6 = 6y, the true population value, the following proposition

summarize the conditions under which the GMM estimator will be consistent:

Proposition 2. Suppose that all the conditions of Proposition 1 hold. Additionally,
assume that (i) g;(Z;,-) are continuous for all § € ©, (ii) Q 5 Qo, an r x r positive
definite matriz and (iii) 6y is the only vector for which the moment condition in (2.4)

holds. Then Qn(6) converges uniformly to Q(0y) and 0 % 6y, the unique minimizer of

Q(0).

Note that since 3 Zfil 9i(Z;,0) satisfies the ULLN of Proposition 1 and Q 2 Qp,
the proof of this proposition follows from Theorem 4.1.1 in Amemiya (1985). To obtain
the asymptotic distribution of é, we assume the following condition, which guaranties

that the sum is not dominated by any term.

Assumption 4
If we define 62 = Var(S,) and S, = >, py Zi,N- Then the following condition is
satisfied:
lim inf D162 >0
Under this assumption, Theorem 1 in Nazgul and Prucha (2009) ensures the asymp-

totic normality of the random variables Z;.

Proposition 3. Let {Dy} be a sequence of finite subsets of D that satisfies Assumption
1 such that |Dy| — 0o as N — oo and let {Z; : i € Dn,n € N} be a sequence of zero
mean real-valued random variables that satisfy Assumption 2. Furthermore, assume

that the random field is a-mizing satisfying Assumption 3. Then,
~—1 d
g, Sn — N(0,1)

Once again, the previous proposition applies directly to the underlying random
fields, however, we need a result to for the g;(Z; n,6) functions. Assuming that the
latter satisfy the standard regularity conditions of Assumption A.3 , the first order

conditions for the GMM estimator are

1 .
[N > Vogi(Z,0)

=1

!/

=0 (2.8)

1 X .
O|=S 026
[N;g( )

Taking a mean value expansion of the last term around 6y yields the following

expression:

9i(0) = gi(6o) + Vgi(0)(0 — o) + remainder (2.9)

for 6 between 0 and 6 element-wise and where I suppressed the dependence of g; on

11



Z; for notation simplicity. Replacing (2.9) in (2.8) yields:
~1

! N
VN0 —0y) = — Q !]b ; Vogi(,0)

1 - .
N Z Vogi(0)
i=1

/
Q + remainder (2.10)

1Y ) 1 Y
N;Vwi(@) \/N;gi(%)

Noting again that the Vyg;(0) preserve the mixing conditions, then % Zfil Vg gl(é) 2
E [Vpgi(00)] by the WLLN above. Since g;(#) is continuously differentiable, by Slutzky’s
Theorem, the first term of (2.10) converges in probability to

{[E(Vo:(60))' Q0 [E(Vagi(80)]} "

Furthermore, by the CLT,

N
1
—— Y gi(6o) = Oy(1)
VN i=1
Therefore, taking the probability limit of (2.10), we obtain

VN (8~ 60) = — {E [Vogi(60))' QE [Vagi(60)]} '
N

E [Vog:(60)]' 2 [;N 3" g:(60)
=1

4 N(0,c's0

+ 0p(1) (2.11)

where

C = {E[Vagi(60)] QE [Vagi(60)]} " E [Vogi(60)]' Q

and
= E[g: (090)g:(60)] = Varlg(60)] (2.12)

Note that for the cases considered in this paper, C' is just a matrix of data, so we
do not need to estimate it. On the other hand, we need an estimator of the variance
of the moment conditions, which we present in the next section. From an empirical
implementation point of view, it is important to note that this GMM framework includes
the simple estimators mentioned at the beginning of the section as special cases. For
example, in the case of A;; containing only exogenous variables, then the GMM reduces
to the same solution as estimating (2.3) with Pooled OLS. If A;; has some endogenous
variables like in the model (2.1), and assuming that we have a set of instruments Z;,
then the Fixed Effects 2SLS can be obtained from the GMM estimator by setting

Q) = Z'Z, where Z is the stacked NT x r matrix of instruments. Furthermore, we

12



would need that the well known matrices of these estimators are of full column rank
and to converge in probability to non-singular finite matrices.

Another empirical consideration is the specification of the weighting matrix W since
in the model, the dependence of the outcome variable on other observations is generated
by this matrix. In practice, there exist different ways to specify W. For example, one
could assign weights as the inverse of the distance between two observations and set
to zero the weights after a threshold or use a k-neighbors scheme. When dealing with
geographic units, one could assign an equal weight for all the units j that share a border
with unit ¢ (rook type) or if they share an edge or a vertex (queen type) like in Figure
XX, or even assign an equal weight to all other units in the sample [see LeSage and

Pace (2009) for a discussion on weighting matrices].

Rook type weighting scheme Queen type weighting scheme
1 2 3 4 5 1 2 3 4 5
6 7 8 9 10 6 7 8 9 10
11 12 14 15 11 12 14 15
16 17 18 19 20 16 17 18 19 20
21 22 23 24 | 25 21 22 23 24 25

Figure 2: Rook and queen type weighting schemes. On the rook type scheme, if W is row normalized,
only units 8, 12, 14 and 18 will receive a weight of % in row 13. Analogously, if a queen type scheme
is used, units 7, 8, 9, 12, 14, 17, 18 and 19 will have a weight of % in row 13 of W.

Nonetheless, some of these specifications might violate the assumptions stated in
this section. In particular, recall that we are working with an c-mixing random field,
which implies that the dependence between the observations decays as they are farther
apart. In this respect, it is clear that assigning an equal weight to all other observations
violates this assumption. In a similar fashion, a k-neighbors pattern might not satisfy
the a-mixing condition in cases where there are isolated units (e.g. a unit located alone
in an island). Note that these restrictions to W also apply in cases where the distance
measure is of economic nature or derived from a network perspective (e.g. degree of

centrality).
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3 The HACSC Estimator

To obtain robust standard errors, recall that because for each observation we took
the time average of their corresponding moment conditions, essentially we are working
with a cross sectional problem. The idea is therefore to apply Kelejian and Prucha’s
(2007) estimator of the covariance matrix in this context, for which we need consistent
estimates of the error terms. Amnalogous to the time series literature, their estimator
requires a kernel function K (-), which will provide weights to the covariance terms en-
tering the sums. In principle, only the covariance of observations that are close relative
to some distance measure will receive a positive weight, while observations that are far
away will receive a weight of zero. In other words, this function will operationalize the
weak dependence assumption between observations to the error terms. Note however
that this kernel will provide weights at the cross sectional dimension and not across
time. To fix ideas, the researcher will need to choose a distance p, such that p, — oo
as N — oo that will play the role of the truncation lag in a time series context. The

next assumption imposes additional restrictions on the kernel function.

Assumption 5
The kernel K : R — [—1, 1], satisfies the following conditions:

1. K(0) =1
2. K(z)=K(—x)

b

K(z)=0forz >1

W

K (x) = 1] < eglz|*¥, x| <1 for some g > 1 and 0 < cx < o0.

As pointed out by Kelejian and Prucha (2007), Assumption 5 is satisfied by many
kernels such as the rectangular kernel, Bartlett, the triangular kernel, among others.

The next assumption imposes some structure for the error terms.

Assumption 6
The N x 1 vector of errors is generated as follows:

u= Re (3.1)

where the € is a IV x 1 vector of i.i.d. random variables with mean 0, variance of 1 and
E[le|?] < oo for ¢ > 4 and the R is a N x N non-singular unknown matrix whose row

and column sums are uniformly bounded.
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In light of Assumption 6, recall that although theoretically we are working with a
cross sectional problem because we took the time average of the moment conditions,
the underlying structure of the data is a panel. In this sense, (3.1) can also be seen as

an average, so for each i, we have:

where it t-th row of w; is:

t
Uit = g Ri,ses
s=1

and R; s is the i-th row of R, a matrix with similar properties than R defined above,
at time s. This implies that in each time period, the disturbances will depend on other
unit’s disturbances, past own values of disturbances, and past values of other unit’s
disturbances. In other words, this structure allows for both spatial correlation and
serial correlation, “spatial serial” correlation and heteroskedasticity. Nevertheless, the
uniform boundedness condition for R guaranties that the correlation between units is
restricted at the cross sectional dimension, analogous to the time series case. Given the

distance pp, we can denote with v; the number of pseudo-neighbors for i:
N
vi=»_ 1[p*(i,5) < py)
j=1

and let v = max; v;. In words, v; denotes the number of units j that are at a distance

less than pp from unit ¢. The following assumption is related to v.

Assumption 7

The random variable v satisfies the following conditions:
1. E(v?) = 0,(N?T), where 7 < (%) g%% and ¢ is defined in Assumption 6.

2. Z;Vzl loij|p(i,7)*S < ¢g, for ag > 1 and 0 < ¢g < oo and oy is the (4, j)-th
element of ¥ (defined below).

Assumption 7 plays a role in terms of limiting the degree of correlation between
units, as well as ensuring that the estimator of the covariance matrix is consistent given
the fact that we are using residuals instead of errors to estimate it. Assumptions 8 and

9 provide an identification condition and bound the measurement error of the distance,
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respectively.

Assumption 8
The matrix of exogenous variables, Z , has full column rank and its elements are uni-
formly bounded in absolute value by the finite constant 0 < ¢z < 0. For a fixed and

finite 7", the matrices:

1. lim (NT)"'Z'Z = Qyzy.

N—o00

2. lim (NT)"'Z'RR'Z = Qzrrz.
N—oo

3. plim (NT)"12'Z = Q.
N—o00

are finite and non-singular. Furthermore, the matrix plim (NT)~'Z'A = Q4 has full
N—o00
column rank 2k. Similarly, the diagonal elements of W are zero and all of its elements

are uniformly bounded by a finite constant 0 < ¢y < oo.

Assumption 9

The distance measure used by the empirical researcher p*(-,-) is potentially measured
with error, i.e.

where e;; = e;; denotes the measurement errors which are bounded in absolute value

by the finite constant 0 < ¢, < co. Furthermore, {e;;} is independent of {¢;}.

We need an additional assumption to account for the fact that we are using residuals
instead of the actual error terms. This condition is provided in Assumption A.4 and
should be satisfied by most N 3-consistent estimators. An extensive discussion of this

and the previous assumptions is provided by Kelejian and Prucha (2007).

Note that given equations (2.4) and (2.5) and the matrix 3 specified in (2.12), we

have the following:
Elg: (00)g:(60)'] = E | Z{isit; 2] (3.3)

Because all the analysis is conditional on Z and W and by applying the Law of Iterated
Expectations, from (3.3) and Assumption 6 we get that E(uu') = RR' = X, where u is
the N x 1 vector of stacked error terms. In practical terms and recalling that g;(-,-) was
defined as an average over time, we can estimate (3.3) by replacing the error terms by
their residual counterparts and the expected value by an average applying the WLLN.

Therefore, for the proposed estimator f), its (r, s)-th element can be obtained as follows:
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. 1 XA L L. p*(i, §)
B = s 2o 0 20 gDl | L) 5.0
i=1 j=1 t=1 [=1

where Zim is the value of the covariate r for observation ¢ at time ¢, while its population

counterpart is given by the following expression:

N N T T

Sro = 5 oSS Zus Znio (3.5)

i=1 j=1 t=1 I=1
The following proposition establishes the consistency of 3.

Proposition 4. Consider the model in (2.1) and Assumptions 5-9 and A.4. Suppose
that the (r,s)-th elements of ¥ and ¥ are given by (3.5) and (3.4) respectively. Then
IS 3

Given the fact that we have assumed that T is fixed from the beginning, the proof
of this proposition is virtually the same as in Kelejian and Prucha (2007). Note that

we can re-write (3.4) as follows:

N T T

= i { DL s KD

i=1 t=1 [=1

NN T T (i)
Y NN Zig Z iy K [p 2l ] (3.6)

i=1 i) t=1 =1 Po

The first term of (3.6) makes it clear that there are no restrictions imposed on the serial

correlation for a particular observation, as the terms are not being down-weighted.

4 Correlated Random Effects

A direct application of the HACSC proposed in the previous section is related to the
Correlated Random Effects (CRE) context. One of the most popular method applied in
a panel setting is the fixed effects estimator since it allows the unobserved heterogeneity
¢; to be arbitrarily correlated with the explanatory variables in the model. On the other
side of the spectrum, the random effects approach imposes no correlation between ¢; and
the independent variables. A typical task that the empirical researcher must face is to
choose between these two specifications, for which the literature has suggested multiple
approaches. One of these is the CRE framework, which imposes restrictions on the
distribution of the individual heterogeneity conditional on the regressors (Wooldridge,
2010).

One option is to follow Mundlak (1978) suggestion, which assumes that ¢; can be
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modeled as a linear function of the averages of the time varying independent variables.

More specifically, consider the following model:
Yie =Tpfb+c+uyg, i=1...N,t=1...T (4.1)
Assuming that the x;’s are time varying, Mundlak considered the following specification:
¢ =n+T;0+e; (4.2)
where e; is uncorrelated with Z; by assumption. Replacing (4.2) in (4.1) yields:
Yit = T+ Ti0 +e +uy, i=1...N, t=1...T (4.3)

Mundlak (1978) showed that estimating 5 in (4.3) by pooled OLS (POLS) or random
effects yields the same [ than estimating (4.1) by fixed effects. In addition, we can
perform a Hausman-type test using this equation by testing § = 0 to determine the
suitability of one estimator versus the other one. It turns out that this FE-RE equiv-
alence carries over the spatial setting under a particular setting, namely a model such
as in equation (2.1), i.e. no autoregressive process of the error term u (Li and Yang
(2020) showed that the equivalence breaks if we try to model structurally). Further-
more, this result carries over to the case of endogenous variables, which is a common
issue in empirical work.

More concretely, consider the model in (2.1) and using the same notation, the Fixed
Effects Two Stage Least Squares (FE2SLS) coefficients can be obtained by running
Pooled 2SLS on the following equation:

Uit = L1501 + T2it B2 + Wiiey1 + Wairy2 + pWit (4.4)

using the instrumental variables (32t 32 W3, W3, ...1WS;), s € N. Then, it can be

shown that running Pooled 2SLS on:
Yit — i = (T1it — nT13)B1 + (T2 — nT2;) P2 + (Wiie — NW013)71 + (W23 — NW21)72

+ pWilye — ny) + (1 — n)Z1301 + (1 — n)Z2i92 + (1 — n)wi A\
+ (1= n)3ade + (1—1) Y @G (4.5)
Jj=2

using IV’s: (220t — Z21)  (32it — 132:) (wi‘t - 77@‘7%1‘) o (Wi — not;)
(1 —n)32 A—mWiZy (1—n)wi;...(1—nwi]
yields the same (81 B2 71 72 p) as in (4.4) and where n =1 — [02 /(02 + T'o?)] Y2

assumed to be known. The following proposition summarizes this result.
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Proposition 5. Suppose I = (B2 Ba A1 A2 p) is the coefficient vector obtained
by running Pooled 2SLS to equation (4.5). Then I = fFEQSLS, the coefficient vector
obtained by running Pooled 2SLS to equation (4.4).

The proof of this proposition can be found in the Appendix. Note that we have
included the time averages of the instruments in (4.5), but this might introduce some
distortions in the sense that the dimension of the z’s might be larger than the original
dimension of the xo’s. In practice, this will impact the degrees of freedom employed to
perform the hypothesis testing to choose between FE and RE. Although when the cross
sectional dimension is large this might not matter, in small samples this could have a
significant impact in the statistical significance of the coefficients.

It is important to note that this FE-RE equivalence is an algebraic result, and as
it turns out, one can obtain the FE coefficients of (8 v p) in (4.5) by replacing the
average of the instruments by the time averages of the predicted values of a regression

of the endogenous variables on all of the exogenous variables, i.e.
Yir — nYi = (1t — nZ13) B + (L2i — NT2s) B2 + (wrie — n01s) 7 + (W2ie — NW2;) 72
+ pWilGe — ny) + (1 = n)Z1i01 + (1 — ) T2:02 + (1 — n)wiiy
+ (1 = nw2ids + (1 =)Wy (4.6)

This will “correct” the degrees of freedom issue mentioned above, at the expense of
making the asymptotic theory harder since we have to take into account that we are
using the predicted values instead of the original instrument averages. Proposition 6

summarizes this result and is proved in the Appendix.

Proposition 6. Suppose I' = (Bl Ba 1 o p) is the coefficient vector obtained by
running Pooled OLS to equation (4.6), where the " represent the linear projections of the
endogenous variables on the exogenous covariates. Then I = fFEggLS, the coefficient

vector obtained by running Pooled 2SLS to equation (4.4).

Once the researcher estimates the coefficients of (4.5) or (4.6), the next natural step
is to test the hypothesis = = (6 A () = 0 [here ¢ denotes either ((2...(s) in (4.5)
or (1 in (4.6)] to decide between FE and RE specifications. Even if model (2.1) does
not have an explicit functional form for the error term, the u; could still be serially or
spatially correlated, therefore, we can use the HACSC estimator proposed in section 3
to conduct a fully robust Hausman-type test in a simple way. Specifically, one would
need to get the Wald statistic as W = (RE)'(RER/) "} (RE), where R includes the set
of restrictions on the coefficients, = is the full set of coefficients estimated and 3 is the

estimated HACSC robust covariance matrix.
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5 Feasible GLS

As previously stated and analogous to the time series literature, it is common practice
in empirical work to assume a particular structure of the error term in a spatial context.

In particular, consider the following model:

Y = XiB + vy (5.1)
Ve = pW’Ut + &
gt =cCc+ Ut

where 3 is a N x 1 vector, X; is a IV x k matrix of covariates, ¢ denotes the vector
of individual heterogeneity and u; is a vector of idiosyncratic errors at time ¢. In this
model, X; may contain spatial lags of the independent variables. In what follows, the
conditioning on both X; and W of all the analysis is implicit. By stacking the equations

by time period, the model can be rewritten as follows:

y=XB+v (5.2)
v=Ir@pW)v+e
e=(eIn)c+u

where e; represents a T' x 1 vector of ones. At this point, the researcher needs to make
an assumption about the orthogonality condition between the independent variables
and the composite error term and more specifically, the vector c. A typical choice is to

assume that all the explanatory variables X are exogenous with respect to both vectors

2

c and u, with each element of these being i.i.d. with zero mean and finite variances o

and o2 respectively, and both vectors being independent from each other. Note that
this working assumption is stronger than the one required to obtain the consistency of
the fixed effects estimator described in previous sections (as in the rest of the paper, I
assume that T is fixed and N — 00).

Given these assumptions, from (5.1) we can write E(vv]) as follows:
E(viv;) = (02 + 03) Ay — pW) " Iy — pW) ™" (5.3)

Or using the stacked version of (5.2) instead, then we can write E(e’) = Q. in the
following way:
Q. :UE(JT®IN)+U12LINT (5.4)

where Jp = ese}. Therefore it follows that,

]E(UUI) = [IT ® (In — ,OW)fl] [O’?(JT ®In)+ O'ZINT] [IT ® (Iny — pW)fl] (5.5)
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Note that the middle of this matrix has a classic random effects structure. In order
to compute this covariance matrix, it is assumed that the matrix (Iy —pW) is invertible
and that |p| < 1 just as in the previous sections. Following the time series case and to
facilitate the computation of the middle of (5.5), note that

Q. = 02Qo + 01 Qs (5.6)

where Qo = (IT — J%) R1Iy, Q1 = JTT ® Iy and 02 = 02 + T'o2. Noting that Qy and
Q1 are idempotent, symmetric, Qg + @1 = Iy and that QoQ1 = Oy, it follows that

Q- = 0,2Q0 +07%Q and Q.

to impose that the covariates are orthogonal to the individual heterogeneity vector ¢

1
2 =0,1Q0 —|—01_1Q1. In short, if the researcher is willing

and the error term in (5.2) follows a spatial AR(1) process, then the matrix E(vv’) will
have a particular form that depends only on three parameters.

Knowing this, one can obtain an estimator that is potentially more efficient than the
FE estimator. More specifically, the researcher can exploit the structure of the error
term in (5.2) to remove the spatial correlation by performing a spatial Cochrane-Orcutt

type transformation. Let
y =y —IrepW)y

X* =X — (I @ pW)X
v =v— (Ir ® pW)v

Therefore, the transformed model is
Yy =X"p+ 0" (5.7)

Note that v* = ¢ so that (5.7) contains a classical composite error term. Givenlthe
structure of £, we can perform a second transformation by multiplying (5.7) by Q¢ 2 to
obtain

j=XB+¢ (5.8)

N

where § = Q. 2y* and similarly for the rest of the terms. Note that

E (e¢') = Q;%E(ee’)Qg
= (0,'Qo + 07 Q1)(02Q0 + 07Q1) (0, ' Qo + 07 ' Q1)
= Qo+
- (5.9)

N|=

Hence (5.8) can be estimated by Pooled OLS to obtain a GLS-type estimator to
obtain efficiency gains, denoted by Bagrs. If all the relevant matrices are well behaved

as N — oo and non-singular, Kapoor et al. (2007) showed that
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(NT)3 (BGLS - 5) 4 N(0,0) as N — oo (5.10)

where W = (02 M§y +0?Myy) ™ and Myy = lim gpX*Q;X* for j = 0,1. The
previous analysis requires knowledge of Uz,ag and p and therefore it is not feasible.
Kapoor et al. (2007) proposed generalized moments estimators of these parameters and
they showed that if Brgrg is the Pooled OLS estimator of (5.8) using any consistent

estimators 62,62 and p instead of 02,02 and p, then
(NT)= (BGLS - BFcLs) L 0and U - B0 (5.11)

. a1
where ¥ = (ﬁX YOIX *) , provided that the working assumptions used to derive
(5.10) hold. Note that the hats over the components of ¥ denote the dependence of

the terms on 62,

62 and p.

The validity of the previous covariance matrix W rests on the working assumptions
that the error term v follows a spatial AR(1) and the conditions imposed on each element
of ¢ and u hold. However, from an empirical perspective it is always possible that the
structure of 2. does not have the RE form due to the presence of heteroskedasticity
or serial correlation on w; for example. It is important to stress out that even if €,
does not have the same structure as in (5.4), BFGLS remains consistent, provided that
the strict exogeneity condition (more formally this would mean that E[X ® ¢] = 0 and
E[X ® u] = 0) and the corresponding rank condition continue to hold.

Nevertheless, if the researcher is unsure about the assumptions related to the vectors
of individual heterogeneity c or the idiosyncratic errors v made in this section, it is wise
to make robust inference. In these instances, the HACSC estimator presented in this

paper can be useful to achieve this purpose. More specifically, consider the residuals

:yt—XtBFGLS, t=1...T.

M
Y

where Brarg is obtained by estimating (5.8). In this context, the (r,s)-th element of

the middle of the robust covariance matrix is

= o SN K Kk

N N T T [*(
i=1 j=1 t=1 I=1

i,J
b

; )} (5.12)

And the fully robust covariance matrix is:

N N T T ( )
0= IS S £ X XK [ } XX 5a3)
1t=11=1

i=1 j= 1

where X;; is the 1 x k vector of covariates at time ¢ for observation i. Note that
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the computation of ¥ requires the use of the transformed variables and not the original
ones, which is consistent with the estimating equation (5.8). As in the previous sections,
the kernel function K(-) will provide weights so that the (possible) spatial correlation
decreases for observations that are far apart according to the distance measure p(-, ).
Naturally, ¥ will be valid whether the RE structure of €. holds or not and will be
robust to arbitrary serial and spatial correlation, as well as heteroskedasticity.
Throughout this section we have assumed that all the elements of the explanatory
variables are uncorrelated with the error term u. If some elements of X are endogenous
(i.e. E[z,uit] # 0) and the researcher has available instruments Z, then the extension
to an IV procedure is straightforward as discussed in Mutl and Pfaffermayr (2010) and
Baltagi and Liu (2011). The estimation approach would be to apply Pooled 2SLS to
the estimating equation 5.8 using instruments Z, where the “denotes the same transfor-
mations made earlier in the section. In this instance, the computation of the covariance
matrix using the HACSC estimator would look like (3.4), but the researcher would need

to use the transformed variables as in this section instead.

6 Alternative estimation: a Control Function
Approach

It is well known that Instrumental Variables estimation procedures such as 2SLS deliver
consistent estimates of the parameters at the expense of losing precision when compared
to OLS as pointed out by Cameron and Trivedi (2005). In such instances, if the
researcher is willing to impose additional assumptions, she can resort to the control
function approach (Blundell and Powell 2003), which can deliver estimates that are
(potentially) more efficient as it will be shown in simulations. Consider the model
shown in (6.1), which is very similar to (2.1) but without the spatial lag of the dependent
variable on the right hand side®, which will allow us to interpret it as a conditional mean

function and for simplicity we will assume that there’s only one element in xo;:

Yit = T1itP1 + 2202 + WiXueyr + WiXorye + ¢ + ug
=z +W; Xy +e+uy, i=1...N,t=1...T (6.1)

where the definitions are the same as in Section 1. By applying the within transforma-

tion, we obtain the estimating equation:

it = &4+ WiXypy + i (6.2)

5Tt is certainly possible to use the control function approach with the spatial lag of the dependent variable
as a covariate

23



As with the 2SLS case and using obvious notation, this approach also requires the
availability of a set of instruments Z;; = (T4t Wit Zoit 32#). The first two assumptions
of the Control Function (CF) approach are the same as with 2SLS, namely: ]E(Zitiljt) =
Oford,j=1...Nandt=1...T and the identification condition rank[E(Z’'A)] = 2k—1.
The first stage of the estimation involves the reduced form of the endogenous variable

on the instruments and obtaining the disturbances v, i.e.

gt = it — Lit) (6.3)

where E(Z/,0;;) = 0. Given that E(Z/,i;;) = 0, note that Z9; and o are endogenous
if and only if ii;; is correlated with ¥9;; and W;d9,. At this point we state the additional

assumption required by the CF approach:
E(ii|Z, Xo, W) = E(tig| Z, Vg, W) = E(iiy |02, W) = p1tie + pr2 Wity (6.4)

This equation has two strong implicit restrictions. First, the second equality would
hold under independence of Z and (i, 2, W) and second, we are assuming a linear

conditional expectation of i; on the parameters. Given this, we can write
Ui = p1oqe + poWitior + € (6.5)
Replacing (6.5) in (6.2) yields:
it = B+ WiXyy + paiion + paWibar + i (6.6)

Stacking again all the explanatory variables into a matrix A and the coefficients
into a vector 6 yields:
Uit = Q30 + € (6.7)

The error term in (6.7) is uncorrelated with the rest of variables in the equation
(including Zo; and w9;), so the parameters can be consistently estimated using Pooled
OLS by replacing the disturbances with the computed residuals from the first stage.

Therefore, the estimating equation for the main model becomes:
it =yl + i (6.8)

where the” denotes that we are using generated regressors. Two important observations
from equation (6.6) is that by including both t9;; and W;vg;, the parameters obtained
from this estimation will be numerically the same as 2SLS.® Second, if po = 0, then
it would be enough to include only v9;; in the estimating equation to get consistent

estimates of 6 and in this scenario, they would be different than 2SLS’. Furthermore, it

SIn this sense, we do not get any efficiency gains compared to 2SLS by including both terms.
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is precisely by excluding W;t9; from the estimation that the CF would probably more
efficient than 2SLS in this case, as it would be using additional information from this
restriction.

From this point onward, one has to decide how to deal with the error term. One
option is to impose some structure to it and apply a Feasible GLS procedure in order
to obtain further efficiency gains. Note that this is possible because in (6.4) we have
conditioned on the whole set of exogenous variables and the weighting matrix. However,
this would not be possible if we slightly modify the model. So far we have assumed that
the model also contains spatial spillovers of the endogenous variable Z9;, but suppose
that for some theoretical reason, the model does not include W;Zo;;. In this case we
could relax (6.4) to

E(thit| Zit, x2it) = E(iiit| Zit, V2it) = E(thit|V2i) = pr1924t (6.9)

Note that we are now conditioning only on the own control function. In this in-
stance one could still estimate the transformed model by Pooled OLS, however it would
preclude to apply a Feasible GLS procedure because the strict spatial exogeneity as-
sumption would be violated since it will involve the weighting matrix W and the error
terms of other observations.

Alternatively, the researcher can treat the error term non-parametrically and apply
the HACSC estimator proposed in this paper to obtain robust standard errors. Nev-
ertheless, in this case there’s an additional layer of complication on top of the spatio-
temporal correlation and the heteroskedasticity: by including t9;; in the estimating
equation, we now have a generated regressor and therefore, the covariance matrix of
the parameters needs to be adjusted to take into account the sampling error induced
by the first stage estimation (i.e. we are getting estimates of ). Although Basile et al.
(2014) recommends to perform a bootstrap to obtain the standard errors in a CF setup,
sampling with spatially dependent data is not a trivial matter so having a formula is
useful in practice.

In this setup, the fully robust covariance matrix is
B'MB™! (6.10)
where
B=E (Zf\] ZZ d;tdit)-
M = Var [Zi\] S Eat) (8 + e0) — G - Tit(lb)e} = Var [va > mit:|'
G=E {Zf\f Z?(ifitiﬁ)/éit}
won \7F _1 -

ra(@) = (2N ST #hz)  |(ND) LN S 2.
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The derivation of (6.10) can be found in the Appendix. To estimate it, we can
replace the population quantities by their sample analogues so that
2 1 N T 4 4
B =720 2o it
iy = (Zuth) (€t + 0340) — G - 734 (4))0.
With these quantities calculated, the (r, s)-th element of M can be estimated as

N N T T

Y 1 o o p* (Za ])
D) D)) D I g L
i=1 j=1 t=1 [=1
Note that (6.10) also has a sandwich type form, very similar to the HACSC estimator
presented earlier. Similarly, the kernel function is also used to operationalize the weak
spatial dependence assumption, however in this case the terms it multiplies (m;; instead

of Z/,ii;) have a different structure to take into account the first stage sampling error.

7 Simulations

7.1 Design

To test the performance of the HACSC estimator and the CF version of it, I performed
a Monte Carlo study. In this experiment, the units of observation live in a squared
regular grid of 20 x 20 and the distance between two adjacent individuals is normalized
to one. To evaluate the performance of the estimator, consider the following data

generating process:

Yit = Bo + T1itf1 + T2itP2 + T1itT2it B3 + ¢ + wit
Tt = 0o + 61214 + Vit
ci=(I— PW)ZIC
Uit = Qg + €4t
er= (I — PW)_lat
aip = Ya; 1+ i

E(ziitui) # 0, E(xoic;) # 0, E(z150¢;) # 0

where [By 81 P2 B3] =1[2 0.7 0.6 0.3] and &;4, and C are independent and identically
distributed random variables following normal distributions and are independent from
each other. zy;; is an instrument for x1;+ and 9 is exogenous with respect to the error
term u;; and they follow a normal and gamma distributions respectively. Note that
there is an interaction term between the endogenous and exogenous variable, for which
we have a readily available instrument, z1;.214.

In this setup, the error term w; satisfy the CF assumption given that it depends
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linearly on the error term from the reduced-form equation, v;;. The error terms e and
a follow a spatial and temporal AR(1) process respectively. The strength of the spatial
correlation is governed by the parameter p, while the persistence of the serial correlation
is moderated by 1. Note also that the individual heterogeneity also follows a Spatial
AR(1) model, however, since I am going to apply the within transformation for the
estimation, its DGP does will not affect the results.

For the weighting matrix W, I used a rook-type weighting scheme so that each
observation will have between two and four pseudo-neighbors and each of those will
have an equal weight. W is row-normalized to ensure that (I — pW) is invertible. I
estimated the model using both FE 2SLS and the CF approach with N = 400 and T'= 5
using 1,000 replications. I am interested in comparing the estimates of the coefficients
by the two methods to see if there are some efficiency gains by using the CF approach.
Furthermore, I also want to evaluate the performance of four different estimators of
the covariance matrix: the HACSC proposed in this paper, a SHAC assuming no serial
correlation, the cluster robust and the “regular” ones without any adjustment. In the
case of the CF approach, I will compare the standard errors presented in Section 6 that
account for the first stage and a HACSC that ignores the two-step procedure.

I conducted a simulation for every combination of p = [0, 0.3, 0.7] and ¢ =
[0, 0.3, 0.7]. T used the Bartlett Kernel to perform the analysis, contrary to Kele-
jian and Prucha (2007), who used the Parzen Kernel. An important parameter in this
experiment is the threshold distance p; at which the Kernel will assign a zero weight
for units that are apart by more than p,. Following the recommendation of the authors
mentioned above, I set p, = Ni, i.e. the integer part of N7 . At each iteration, I draw

a new set of covariates and keep it fixed across the iterations of the p and ¢ parameters.

7.2 Results

This section describes the results of the simulations using two metrics for the estimated
coeflicients: the mean and the corresponding standard deviation across the 1,000 repli-
cations for different values of p and . Table 7.1 presents the outcomes of this experi-
ment and it shows that both estimators provided unbiased estimates of the parameters
in the sense that the average of the estimated coefficients is centered around the true
values for any combination of p and 1. This is expected since in this exercise the CF
assumption is true.

However, when analyzing the standard deviations, the CF consistently shows a lower
value than 2SLS (e.g. 0.049 against 0.084 for 83 when p = ¢ = 0.3). Figure 3 exemplifies
this finding: note that the distribution of the estimated parameters is tighter around
the true value for the CF estimates compared to 2SLS’. Therefore, whenever the CF

assumption holds, this estimator seems to be more efficient, which can be explained

27



by the fact that we are using additional information when performing the estimation.

Interestingly, these efficiency gains are more evident for 5; and (3, the coefficients

associated with the endogenous variables, whereas for the coefficient of the exogenous

covariate (2, the differences between the standard deviations of both estimators are

more modest across all pairs of p and .

Table 7.1: Average estimated coefficients and standard deviation across the 1000 replications using
a rook type weighting matrix, N=400 and T=5.

B B2 B3
. CF  28LS CF  2SLS CF  2SLS
p
0.704  0.698 0.606 0.604 0.298  0.300
(0.196) (0.294) (0.269) (0.283) (0.049) (0.089)
0.696  0.692 0595 0593 0300  0.301
0.0 0.3
(0.188) (0.269) (0.254) (0.272) (0.047) (0.080)
o, 0703 0705 0600 0601 0300  0.299
" (0.18)  (0.266) (0.250) (0.265) (0.045) (0.079)
oo 009 0683 058 0584 0303 0.305
T (0.207)  (0.301) (0.275) (0.299) (0.052) (0.090)
0.706  0.718  0.603  0.608 0.299  0.294
03 0.3
(0.191) (0.281) (0.276) (0.294) (0.049) (0.084)
0.704  0.697 0599 0595 0299  0.301
0.7
(0.189) (0.288) (0.254) (0.282) (0.048) (0.085)
o 009 0698 0573 0575 0302 0301
7 (0.236) (0.330) (0.352) (0.371) (0.057) (0.095)
0.691 0.693 0580 0581 0303 0.301
0.7 0.3
(0.231) (0.334) (0.335) (0.360) (0.054) (0.095)
0.704  0.693  0.603  0.600 0.300  0.303
(0.221) (0.309) (0.317) (0.336) (0.054) (0.089)

To analyze the performance of the HACSC estimator, I use two metrics: first the

average of the variance’ estimated for each coefficient for each pair of p and ¢ across

the 1,000 replications and I compare it with the “true value”, which is computed as

the variance of the set of estimated coefficients for each pair of p and v across the

1,000 replications. Tables A1-A3 present this comparison and the first thing to note in

I used the estimated variances instead of the standard errors because the non linearity of the square
root function could affect the results.
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the case of the CF is that both estimated variances, with and without the first stage
correction, are very close to the true value so at first glance, using this metric the
correction does not seem to make an impact.

For the 2SLS estimator, the differences are more substantial. The HACSC estimator
is consistently closer to the true value across all pairs of rho and psi compared to
the SHAC that imposes no serial correlation and the non-robust one. In general, the
variance estimated with the HACSC is on average larger compared to the one computed
with these two alternatives. Admittedly, in this case the cluster-robust variances are
also very close to the true value. Overall these results suggest making the standard
errors robust to spatial correlation at the expense of imposing no serial correlation can
result in unreliable inference. Furthermore, as shown in Figure A1, using the HACSC
estimator will provided standard errors that are, on average, properly centered around

the true value.

B1 CF B2 CF Bs CF

1.0 15 0.0 0.5 1.0 15 0.0 0.2 0.4 0.6

0.0 0.5 . .
B1 25LS B> 25LS Bs 2SLS

Figure 3: Distribution of coefficients estimated by 2SLS and the Control Function approach for
p = 0.3 and ¢ = 0.7 using a rook type weighting matrix.

As a second method to analyze the HACSC in this setup, I tested the null hypothe-
sis Hy : 3 = 0.3 at a 5% of significance using a t-test over the 1,000 replications using
the standard errors computed with the different estimators and I obtained the rejec-
tion probabilities. Using this metric, an estimator is performs better if the rejection

probability is closer to 5%. Table 7.2 presents the results of this exercise.®

8Tables A4 and A5 show the results for Hy : ; = 0.7 and Hy : 32 = 0.6 respectively.
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For the case of the CF approach, the rejection probabilities using the adjustment
are slightly closer to 5% compared to the estimator that ignores the first stage so in this
sense, the adjustment seems important to obtain more reliable inference if the researcher
uses the CF approach. On the other hand, if we use 2SLS to estimate the coeflicients,
the HACSC estimator rejection probabilities are closer to the 5% compared to the
SHAC and non-robust standard errors, which are over rejecting the null hypothesis.
Using this metric, the cluster-robust standard errors seem to perform just as well as
the HACSC estimator.

Table 7.2: Rejection probabilities for the null hypothesis Hy : 83 = 0.3 at a 5% of significance using
a t-test over the 1,000 replications with a rook type weighting matrix, N = 400, T=5.

CF CF.nol HACSC SHAC Cluster Non-Robust

p Y
0.0 0.050 0.060  0.067 0.088  0.058 0.082
0.0 0.3 0.046 0.060  0.054 0.072 0.046 0.068
0.7 0.045 0.061  0.050 0.075  0.043 0.072
0.0 0.045 0.061  0.068 0.096 0.058 0.091
0.3 0.3 0050 0064  0.047 0.074 0.040 0.067
0.7 0.051 0.062  0.068 0.085 0.058 0.080
0.0 0.050 0.072  0.057 0.077  0.048 0.066
0.7 0.3 0.041 0.057  0.066  0.095  0.065 0.090
0.7 0.044 0.060  0.056 0.076  0.041 0.073

CF is the HACSC estimator using the first stage correction and CF _nol refers to the HACSC

estimator ignoring the first stage estimation using a CF approach.

Overall, the results suggest that the HACSC estimator, both in the case of 2SLS and the CF

approach with the correction, provide more reliable inference compared to the existing SHAC.
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8 Empirical Application

To test the performance of the HACSC estimator with real world data, I revisit the problem
of analyzing the effect of spending on the educational outcome of fourth graders in Michigan
studied by Papke and Wooldridge (2008) using district level data from 1993 to 2001°. In short,
Michigan changed the way schools were funded in 1994, going from a property-tax based system

to a statewide system, which was possible trough an increase in the sales tax and lottery profits

To measure the effect of spending on the academic achievement of students, the authors used
as the dependent variable the fraction of fourth-graders that passed the math test (math4;;) of
the Michigan Education Assessment Program (MEAP) given that the definition of this subject
and the way it is evaluated has remained relatively constant over time. On the other hand, in
addition to the current level of spending on a student, the authors also allow for the possibility
that the level spending on the previous three years to play a role in the test scores. This is
indeed a sensible choice given that one could argue that the previous years of education lay the
foundations in the learning process of students.

The model also includes the proportion of students eligible for the free and reduced-price
lunch program (lunch;;), the district enrollment (enroll;;) and time dummies. More details
about the full model can be found in Papke (2005). Borrowing their notation, the estimated

model is:
math4;; = 0, + 51 log(avgrexp,;) + folunch;; + B3 log(enrolly;) + ¢i1 + ugt (8.1)

where avgrexp,, denotes the simple average of real spending from the current and previous three
years. It is important to note that in addition to the linear probability model (LPM), Papke
and Wooldridge (2008) also estimate the model with other non linear estimators but because
they find that the LPM is a good approximation to the non linear estimates and since this
paper focuses on linear models, we will compare the results only with their LPM results.

In order to replicate their results and use the HACSC estimator, we need a distance measure
between the school districts. As mentioned in previous sections, this is not a trivial matter
when we are working with geographical units but in this case, we will work with the geographic
distance between the centroids of each district.'® However, there have been changes in the
school districts since 2001, which is why I could only use 98.6% of the original sample used
by Papke and Wooldridge (2008). The main reason for this is that some districts have merged
with others and in these cases, I used the data point of the district that absorbed the one
disappearing. Table 8.1 compares the summary statistics from the original and new data sets

and the t-tests show that there are no statistically significant differences between them.

9T want to thank Dr. Papke and Dr. Wooldridge for kindly sharing their data set.
10 Roughly speaking, a centroid can be interpreted as the center of mass of a geometry.
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Table 8.1: Sample means (standard deviations) of the original and new data sets and corresponding
t-tests (p-values).

1995 2001
Original New  t-test Original New  t-test
Pass rate on fourth-grade 0.62 0.62  -0.30 0.76 0.76  -0.43

math test (0.13)  (0.13) (0.76) (0.13)  (0.12) (0.67)
Real expenditure 6329 6317  0.20 7161 7147 0.25
per pupil (20019) (986) (978)  (0.85)  (933) (916)  (0.80)
Real foundation 5962 5959  0.05 6348 6347  0.03
grant (2001$) (1031)  (1035) (0.96)  (689) (692)  (0.98)
Fraction of eligible for 0.28 0.28 0.27 0.31 0.30 0.34

free and reduced lunch (0.15)  (0.15) (0.79)  (0.17)  (0.17) (0.73)

3076 3099  -0.04 3078 3103 -0.05

Enrollment
(8156)  (8210) (0.97) (7293) (7341) (0.96)

Number of observations 501 494 - 501 494 -

As a first step, I estimate model (8.1) using the Fixed Effects estimator assuming that all
the independent variables are exogenous with respect to the error term u;;. Table 8.2 shows the
estimates using the new data set and the ones reported by Papke and Wooldridge (2008). The
coefficient associated with the average real expenditure is virtually the same, whereas the ones
of lunch and the enrollment are negative with the new estimates. Nevertheless, the magnitudes
of the latter are small and none of them are statistically significant in the original estimation

either.

Table 8.2: Estimates assuming that all the explanatory variables are exogenous.

Original results New results Standard errors for new results with different bandwidth values
Coefficient Coefficient  pp=1 p,=100 p,=200 p=300 p,=400 p,=500 pP,=600

0.377 0.372
log(avgrexp) 0.070  0.072 0.067 0.066 0.066 0.063 0.058
(0.071) (0.071)
-0.042 0.029
lunch 0.064 0.077 0.079 0.072 0.061 0.060 0.061
(0.073) (0.064)
0.002 -0.02
log(enroll) 0.048  0.045 0.033 0.028 0.026 0.023 0.022
(0.049) (0.048)
Number of districts 501 493 - - - - - - -

Table 8.2 also shows the standard errors computed with the HACSC estimator using differ-
ent bandwidth values. As expected and because the minimum distance between any two school
districts in the data set is 1.05 kilometers, when the bandwidth is 1 kilometer the HACSC esti-
mator is effectively treating the observations as if they have no effect on their neighbors (i.e. no

spatial correlation) and consequently the standard errors are very similar to the ones computed
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using an estimator that is robust to heteroskedasticity and serial correlation. Interestingly, as
the bandwidth increases, the standard error for each coefficients behaves differently: for the av-
erage spending, it first increases and then decreases, for enrollment it decreases monotonically
whereas for lunch, there is not an evident pattern. Note that this exercise shows that even if
the covariance matrix is robust to heteroskedasticity, spatial and serial correlation, this does
not mean that the standard errors will be necessarily larger.

One of the issues with the estimates previously discussed is that the spending from a school
district might be endogenous, mainly due to the fact that a school district might adjust its
current spending if they suspect that the (bad) performance of a cohort throughout the year will
be reflected on the pass rates of the MEAP test (Papke and Wooldridge 2008). Fortunately, the
change in the way that school districts brought with it a natural instrument: in the 1993/1994
school year, each district started to receive a per-student “foundation grant” based on the initial
funding in 1994 that sought to increase the spending per student to a baseline level and had the
effect of reducing the differences in spending between the districts across the state of Michigan
by the year of 2001 (see Figure 4). The details of why this is a suitable instrument are discussed
in Papke and Wooldridge (2008), but in broad terms, the identification assumption is that the
idiosyncratic error term has a smooth relationship with both the dependent variable and the
initial funding. On the other hand, the foundation grant depended on the initial funding in a
non-smooth way [see Table 1 in Papke and Wooldridge (2008) to see this].

1995 2001

! , .
4000 6000 8000 10000 12000
2001 dollars

Figure 4: Average real expenditure per student across the Michigan school districts in 1995 and
2001.

As a result of this concern, Papke and Wooldridge (2008) augmented the model by also
including the real spending from 1994 with interactions with the time dummies, along with the

time averages of lunch and enrollment, using as instruments the foundation grant interacted
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with the year binary variables. The new estimated model using instrumental variables is then

mathd;; = 0; + 01 log(avegrexp,;) + Bolunch;; + f3 log(enroll;;) (8.2)

+ Bar log(rexppp; 1994) + §1lunch; + &alog(entoll;) + virs .

Note that because we have a single endogenous variable, in this case using Two Stage
Least Squares (2SLS) would be numerically the same as estimating the model with the control
function approach, and because of this, I used the latter. Table 8.3 shows the estimates from
this model and once again, the coefficients obtained using the new sample are very similar to
the ones computed using the original data set. In particular, the coefficient of the spending is
considerable larger than the OLS estimate, which can be explained in the context of the local
average treatment effect literature or by the fact that district authorities can decide to increase

spending whenever they think the cohort might underperform Papke and Wooldridge (2008).

Table 8.3: Estimates assuming that the spending variable is endogenous.

Original results New results Standard errors for new results with different bandwidth values
Coefficient Coefficient  p,=1 pp=100 p=200 p=300 p=400 p,=500 p,=600
0.555 0.546

log(avgrexp) 0.221  0.265 0.292 0.253 0.221 0.202 0.187
(0.208) (0.211)
-0.062 0.008

lunch 0.066 0.077 0.083 0.079 0.07 0.068 0.067
(0.075) (0.067)

.04 .02

log(enroll) 0.046 0.023 0.069 0.075 0.079 0.071 0.065 0.058 0.054
(0.067) (0.066)
-0.421 -0.476

v 0.250  0.349 0411 0.383 0.365 0.357 0.353
(0.232) (0.236)

Number of districts 501 493 - - - - - - -

Contrary to the case where all the independent variables were treated as exogenous, the
standard errors computed using the HACSC estimator when the bandwidth parameter is set to
1 kilometer are somewhat different to the ones computed using an estimator that is only robust
to serial correlation and heteroskedasticity, which is expected because the latter does not take
into account the first stage estimation. Once again this results show that the standard errors
can be larger or smaller depending on the value selected for the bandwidth.

So far I have assumed that there is only spatial correlation in the error term. However in
this scenario there could be spatial spillovers from neighboring units that could be affecting the
student performance on the math test. Figure 4 not only shows that the average real expenditure
per student increased between 1995 and 2001 in all the school districts, but it also shows the
spatial distribution of it. Note that there are districts where the surrounding neighbors have
a very similar level of spending, for example, in 1995 the Detroit region shows multiple school
districts with higher levels of expenditure compared to the rest of the state. Similarly, in Figure
5 the Upper Peninsula shows several neighboring school districts with higher passing rates than

the rest of the region.
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1995 2001

0.0 0.2 04 06 0.8 1.0
Fraction of passing students

Figure 5: Average real expenditure per student across the Michigan school districts in 1995 and
2001.

Multiple reasons could be behind this pattern. For instance, it could be the case that
parents with students that are underperforming identify school districts that are increasing
spending and throughout the year, move to one of these districts in order to increase help their
children to improve their grades. From the labor side, school districts might need to increase
the expenditure in teachers’ salaries to avoid losing them to other school districts within a
reasonable commuting distance. All in all, it seems important to control for spillover effects of
expenditure from neighbors, so I augment the models previously estimated with this additional
variable!! and Table 8.4 shows the estimates of this regression assuming that all the independent

variables are exogenous with respect to the error term.

Table 8.4: OLS with extension

Coefficient Standard errors with different bandwidth values
(st. error) pp=1 p,=100 p,=200 pp=300 p,=400 p,=500 pP,=600
0.281

log(avgrexp) 0.076  0.077 0.071 0.067 0.065 0.061 0.056
(0.076)
0.030

lunch 0.063 0.077 0.082 0.076 0.066 0.064 0.064
(0.063)
-0.008

log(enroll) 0.047 0.044 0.035 0.03 0.028 0.025 0.024
(0.047)
0.324

W-log(avgrexp) (0.090) 0.088 0.076 0.071 0.057 0.049 0.047 0.047

Number of districts 493 - - - - - _ R

HFor this estimation, I used a rook type weighting matrix
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Note that the coefficient on the average expenditure has decreased significantly so that an
increase of approximately 10% in spending will now lead to an increase in the pass rate of about
2.8%. On the other hand, if neighboring school districts of unit ¢ increase their expenditure
around 10%, the pass rate in i is expected to improve around 3.2%, a larger effect than the own
spending. To address the endogeneity issue, I also augmented the model 8.2 with the spending
spillover variable using the control function approach'? and the results are shown in Table 8.5.
Once again, in this case the effect of the own expenditure is larger than in the exogenous case,
but it is smaller compared to the original estimate. The spillover effect is significantly reduced
to a marginal increase of around 0.7% in the pass rates due to an increase in the spending in
surrounding school districts and moreover, the coefficient is not statistically significant.

Overall, the difference in the magnitude of the coefficients obtained for the spending in
neighboring units make it difficult to interpret the effect of this variable. However in both cases
it was positive, which supports the hypothesis that parents may move to school districts where
the spending per student is higher. Of course, one cannot rule out the possibility that larger
spending by neighboring school districts can attract better teachers to the area that are willing

to commute, however, more detailed data may be needed to separate these effects.

Table 8.5: IV extension

Coefficient Standard errors for new results with different bandwidth values
(st. error)  pp=1 pp=100 p=200 p,=300 p,=400 p,=500 p,=600

0.408

log(avgrexp) 0234 0317 0361 0310 0262 0234 0219
(0.231)
0.016

lunch 0.066 0078 0087 0082 0074 0072  0.071
(0.067)
-0.001

log(enroll) 0068 0.08 0088 0079 0069 0062  0.058
(0.067)
0.071

W - log(avgrexp) 0056 0.076  0.083 0077 007 0067  0.065
(0.057)
-0.249

v 0260 0379 0435 038 0346 0328  0.318
(0.254)

Number of districts 493 - - - - - _ _

12T used W - log(found) to instrument for W - log(avgrexp)
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9 Conclusion

In this paper, I present a simple way to obtain standard errors that are robust to heteroskedas-
ticity and both serial and spatial correlation in short panels with fixed effects and endogenous
covariates. This is important because to the best of my knowledge, the current SHAC estima-
tors do not explicitly allow for serial correlation in this context (admittedly the literature does
not ignore this issue when 7' — o0). The estimator relies on averaging the moment conditions
for a single individual across time, which allows to treat the estimation like a cross sectional
problem without imposing any restrictions on the serial correlation of the residuals. This will
help empirical researchers to obtain more reliable standard errors in different fields such as
urban economics or international trade.

The proposed HACSC estimator can be directly applied in a Correlated Random Effects
framework to obtain a fully robust Hausman-type test, which can help empirical researchers to
choose between Fixed Effects and Random Effects specifications. In this paper I also showed
that the Mundlak equivalence also holds in a particular spatial setting, which will allows to
obtain the Fixed Effects coefficients of the time varying covariates in a Random Effects context.
Similarly, the HACSC estimator can be used in a RE estimation procedure, whenever the
researcher suspects that the structure imposed of the spatial error term might be misspecified.

I also presented a control function approach and the required assumptions to estimate the
parameters of the model. Although even in the i.i.d. case it is a standard practice to use
bootstrap to obtain the standard errors with this approach, in a spatial setting this is not a
trivial procedure given the dependence between observations. For this reason, I also extended
the HACSC estimator to this setup, which requires an adjustment of the covariance matrix to
take into account the sampling error of the first stage estimation.

The Monte-Carlo experiment performed showed that the HACSC estimator works well in
the presence of strong or moderate serial and spatial correlation compared to other methods
used by the literature in terms of obtaining unbiased standard errors. As expected, the estimator
also shows higher variance than such estimators, especially in settings with low spatial and/or
serial correlation. The simulations also showed that if the CF assumptions hold, we can obtain
efficiency gains compared to 2SLS.

An avenue for future research is to extend the Monte Carlo experiments in different direc-
tions. First, it would be interesting to use different weighting schemes for the weighting matrix
W based on distance or a k-neighbor scheme in an irregular lattice, as well as different kernel
functions. Analogous to the time series literature, the threshold for the distance bandwidth
most certainly plays an important role on the finite sample behavior of the estimator, so imple-
menting a data driven procedure to choose it is also a possibility to explore, particularly when

the spatial correlation is strong.
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Appendix

Assumptions

Assumption A.1

The functions g; (-, 0) satisfy these conditions:
1. gi(+,0) are Borel measurable on Z, the o-algebra generated by Z, for all 6 € ©.

2. supy sup;ep, El|gi(Zi,n,0)[*T"] < 0o VO € O for some n > 0.

Assumption A.2
The g(-, -) satisfy the following conditions:

1. For some p > 1:
1
limsup —— > E [df y1(df x> )| =0 as koo
n— oo |DN‘ i€Dn ’ ’

where d; v = sup |¢; n(Zi,N, 0)].
6cO

2. 9,(Z;n,0) are Ly stochastically equicontinuous.

Assumption A.3

The true parameter 6y and the g;(-,-) satisfy these conditions:
1. 6y € Hlt(@)
2. ¢i(Z;,-) is continuously differentiable on the interior of ©.

3. |Vegi(Z;,0)| < 0o, where Vg denotes the gradient of g;(Z;, ) with respect to the param-

eter vector 6.

4. Vygi(Z;,0) is Borel measurable, E[Vgg;(Z;,0)] exists and rank {E[Vyg;(A4;,0)]} = P,
where P = dim(6p).

5. E[lgi(Z:,00)*¢] < oo for some € > 0.

Assumption A.4

There exist finite dimensional vectors m; and A such that #; — u; = m; A and

N

1 1

T 2l = 0p(1) and NE||A| = 0,(1)
i=1
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Definitions

a-mixing for random fields
Let Dy be a subset of D. For U C Dy and V C Dy, let 0,,(U) =o(X; Ny : i € U), an(U,V) =
a(on(U),0n(V)). Then the a-mixing coefficients for the random field {X; y : 4 € Dy, N € N}

is defined as follows:
ar1,n () = sup(an (U, V), [U] < k, [V < 1, p(U, V) = 1)
for k,1,r,n € N. Define also
a1 (1) = sup agi,n (1)
N

Upper tail quantile function
Let X be a random variable. Then the upper quantile function Qx : (0,1) — [0, 00) is defined
as:

Qx(u) =inf{t: P(X >t) <u}

“Inverse” function of mixing coefficients

For the non-increasing sequence of the mixing coefficients {@1,1}5°_;, set &;,1(0) = 1 and define

its “inverse” function aipy(u) : (0,1) = N U {0} as:
Qiny(u) = max{m > 0: a1 1(m) > u}

Stochastic equicontinuity

The array of random functions {f; v(Z; n,0) : i € Dy,n > 1} is:

1. Ly stochastically equicontinuous on O iff for every ¢ > 0,

sup sup |fi,N(Zi,N7‘9) — fi,N(Zi,Nael)‘ > 8] —0asd—0.

lim sup —— P
|DN| 2 0/€0 0eB(0',5)

N—oc0 i€DN

2. L, stochastically equicontinuous, p > 0, on © iff

sup sup ‘fi,N(Zi7N79) — fi,N(Zi7N,9/)|p] —0asd—0.

lim sup —— E
|DN| 2 0'c0 0eB(0",5)

N —oc0 i€DN

3. a.s. stochastically equicontinuous on © iff

lim SUp 15— Z sup sup |fin(Zin,0)— fin(Zin,0')] — 0as. as § — 0.
N—o0 | L5 0re0 6eB(v 5)
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Proof of Proposition 5

For notation simplicity, we will assume that W;y; is included in a;s, ;4 = [T1;¢ T2it], where
the x5 are ko + 1 endogenous variables and z;; = [T1;¢ 22t w%it ...w$;], where z2 is a vector
of Lo instruments for xo, with Ly > ko, and similarly for the spatial variables (note however
that Wy, is not in W;X;). Therefore, the problem is to apply Pooled 2SLS to the following

equation:
Yit — MG = (Tie — 0:Z3) B+ Wi( Xy = miX)y + (1= n:)z:0 + (1 — ni)) Wi Z\
= (i = 0i@:) B+ (wie — ng0i)y + (1 = 0:) 20 + (1 = 0:) 35\
using IVs: [(zie — %) (3ot —mi3s) (1—mi)za (1 —m;)34).
We first orthogonalize the IV’s, i.e., we run z;; —7;%; = (1 —1n;)Ze1 + (1 —60;)3;e2 and obtain

the residuals 7;; and 3, —1;3; = (1 — ;) Zes + (1 — 0;)3;€4 and get the residuals s;;. To do so,
we use the Frish-Waugh-Lovell theorem sequentially.

l.a) 2z —miZ; on (1 —n;)z;. The coefficient will be:

[N T “lry o1
€ = Z (1—mn) zhzh] [Z Z(l - m)inizi]

Li=1 t=1 i=1 t=1

TN T -1
= (L —mn;) Zlizlil [Z(l — )% Z Zit — ZT(l - 77@‘)771‘22/*21‘]
1 t i

i t i

N
Z T(l — 771‘)22/11»211‘]

i=1

M= L1

Il
—

|
.MZ

N
Il
—

—1
T(l — 771‘)22:1/'2:;|

|
.MZ

(1- 772‘)2211-2121 [Z(l - 77:‘)2211'211] =1

i=1

Li=1

Therefor the residuals will be v;; = z;; — Z;.

1.b) Run (1 —1;)3; on (1 —n)z. In this case the coefficient and the residuals will depend only
on the 7 index, call the latter f;.

1.c) Run vy on f; to get e5. The coefficient will be:

=4 =1 r

o= [T [T

- Zztjf;fi > f{zt:v,;t]

= 2> fifi Zf;Zw—zi)] —o,
L < t i L i +

where we used the fact that the sum of deviations from the mean add up to zero for all ¢

in the second term. This implies that ¢; = I, and therefore, r;; = z;y — Z;.

Using very similar steps, it can be shown that if we run 3, —n;3; = (1—n;)Zie3+(1—0;)3i€4,
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then e3 = 07, and €4 = I, and therefore the residuals of this regression will be s;; = 3;; — 3;.
Since we have orthogonalized the instrumental variables with respect to (1 —n)z; and (1—7)3;,

we now have to apply Pooled 2SLS to the following equation:

Vit — M = (Tit — 0:T4) B 4 (Wit — ny0)y
using IV’s [(zis — ) (34 — 3i)]. We now define the following notation: 2 = z; — %,
Bit = it — 3is it = [Zit Bat), Uit = Yir — Wi, Tar = (e — i) (Wir —m0;)], Gir = yar — Ys and

Zit = [(xy — &) (wi — w;)]. Then the I' = (S «) from the previous problem can be obtained

as:

The first term of the square bracket term can be rewritten as follows (the third term of that

inverse matrix can also be written in a similar way):

Z Zfﬂztzzt _ ZZ [((5): ))/ [,’éit zit]
_ ZZ [($zt ;) Zzt (zit — mi%;)’ 3”] (A.2)

(Wit — miw;) Zie (Wi — miw;) 3%,

We focus on the (1,1) term, but the following algebraic manipulation holds for the rest of the

terms in the matrix and for the second term in (A.1):
> zt:(%t - mid) F = Zt: TiFu = YW Xt: Zit
| SIS WD DO
= Z Zt: Tl Zi Z
- zz: Zx;tﬁéit - Z z zt:(zit —z)
_ Z Z P

where in the second and fourth lines we used the fact that the sum of deviations from the mean

over t add up to zero for all observations. Therefore, (A.2) can be rewritten as:

xzt - ’r]zxz Zzt (xzt - nzxz 32t Tit — Zzt (xit - ji)/?)it
93 eyl

(Wit — miw;) Zie (Wi — 1 W;) (Wit — wz) Zir  (wi — w;)' 3%,

Al A
= E g T Zit
% t
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Similarly,

Z Z ZiTit = Z Z o
i t i t

Therefore,
—1 -1
sz—[ xnzt ZZ%&@) (ZZ%%)}
7 t=1 1 t=1
—1
(Z %ﬂzt) (ZZ%M@) <sz’:’;t?jn>
i t=1 1 t=1 7 t
1 -1
[zz ) (Zx ) (zz)}
i t=1 i t=1 1 t=1

i t=1 i t=1

=I'rE2sLs
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Proof of Proposition 6

For notation simplicity and without loss of generality, I will omit W;y; in the proof. This
term can be treated as an additional endogenous variable included in x9;; with its respective
instruments [w%it coowiy]. Let xy = (x4 @oi), where 214 is a 1 x kg vector of exogenous
variables and x9; is a 1 X ko vector of endogenous covariates.

Similarly, X; = (X1¢  Xot), 2ie = (T1at 220), Zi = (Tri 22i), Ze = (X1t Zo¢) and
Zy= (X1 Z2), 320 = WiZai, 32i = Wi Zo.

Finally denote & = (w15t Z2it), Zi = (T1i  Toi), X = (X, )%2), where the hats denote

the linear projections of xs on (z; 22) and their spatial lags.

In a spatial setting, (8 7)rg2srs can be obtained by applying Pooled 2SLS to
Yir — Ui = (@10 — T14)B1 + (T2 — Tai) B2 + Wil X1 — X)) + Wi(Xor — Xo)v2 + (wie — wi)
using IV’s: [(Zgit — 22,‘) Wi (th — 22)]
We want to show that applying Pooled 2SLS to:
Yir — 0 = (w15t — 0:14) 1 + (w20t — 0:T2:) B2 + Wi( X1y — 0;X1) 1 + Wi( X — 0, X2) 72
-+ (1 — Gi)fuél + (1 — ei)fgiég + (1 — ez)WzXl)\l + (1 — 91)W1X2>\2 =+ U4t

USng IV’s: [(Zzit - 91'221') Wi(ZZt - 9122) (]. - 97;)221' (1 - QZ)WZZQ] yields the same (ﬁ ’}/)

In order to proof the result, I will follow these steps:

1. Orthogonalize with respect to [(1 — 0;)Z1; (1 — 0;)w1;] the instrumental variables and
(@13t — 0:T15)  (wrie — Oi014)]
2. Orthogonalize with respect to [(1 — 6;)Z2; (1 — 6;)32;] in the first stage equation.

3. Show that we get the same predicted values using the orthogonalized variables and the

original ones.
4. Use the Frisch-Waugh-Lovell (WFL) theorem to show the equivalence.

So the model is:

Yit — 07 = (13t — 0:%13) P + (@25 — 0:iT2:) B2 + (Wise — 0iWi1) 71 + (wair — 0iWi2) Y2
+ (1= 0,)T1;:61 + (1 — 0;)T2:02 + (1 — 0;)wi A1 + (1 — 6;)Winda + ugt

using IV's: [(22i — 0i%2:) (32 — 0:32:) (1 —0;)z2 (1 —0;)32].

Step 1

a. 294 — 0;29; on (1 — Hi)gfu, (1 — Gi)uiu

The residuals will be: z9;; — 0;29; — (1 — Hi)i'liﬁl — (1 — 91')’@1,‘772 = l;
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Applying the FWL theorem: for (1 — 6;)Z1; on (1 — 8;)wy;, the coefficient will be:

T N T
fi1 = Z Z (1- wlzwlz] lz Z(l - 91‘)2“),11'5”111

The residuals will be (1 — 6;)Z1; — (1 — 6;)w1;/11 = ;.

Now we regress z2;t — 0;Z2; on (1 — 0;)w;. The coefficient will be:

T -1
Z 1-—6; iwli‘|

1t=1

[ N

H2 =

1]

7

Z Z(l — 0,204, (221 — 91‘2’21')]
_ 1 T
= ZT(]. - 01)2w11wlz] [Z ]- — Uz 2'[1]/11 Z ZZzt 0; 221 ‘|
=1

i=1

=

<.

-1 -y
= ZT(]_ — 91)2’&)/1171)11] [Z(l — 01) wh{T X (ZQZ 01221)}]

i=1 =1

=

—1 N
= Z(l - ei)Qm;imM] [Z(l — 0;)%0),; 72
Li=1

=1

=

The residuals will be zo;z — 0;Z2; — (1 — 0;)W14fi2 = git-

Finally, we run g;; on s;. The coefficient will be:

TN T Irny T
)t b edort
Lim1 =1 i=1 t=1
N “1rn T
|| [y
Lim1 o ——
N “1rn
= ZT X S;SZ] ZT X szgll
i=1 1=1
TN “1rn
= Z Sgsz] [Z(l — 0;)s;(Z2; — wliﬂQ)]
Li=1 i=1

Using similar steps, 72 will be:
[Z s7's *] [Z(l — 0:)s7 (Z2i — xliﬂS)]
i=1

where [i5 is the coefficient of regressing za;: — 6;Z2; on (1 — 6;)Z1; and s} are the residuals

of regressing (1 — 6;)wy; on (1 — 6;)T;

b. (32it — 0:32:) on (1 — 0;)Z1,, (1 — 0;)w1;.
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The residuals will be (32:; — 0;32;) — (1 — 0;)Z1%3 — (1 — 0;)W1iMs = M.

. (1 =0;)Zz9; on (1 —60;)Z14, (1 — 60;)w;.

The residuals are: (1 —0;)z; — (1 —0;)75 — (1 — 6)w1,7j¢ = v;, which only depend on the i
subscript.

Applying the FWL theorem, regressing (1 — 0)Z1; on (1 — 6;)w,; yields fi;, the same as
in step la. The residuals will be only a function of the ¢ subscript, say f;.

Finally, run f; on s; and the coefficient will be:

Z Ts;s; Z Ts.f; Z Ts.s;
i=1 i=1 i=1

The same coefficient as above. Following similar steps, it can be shown that

*/ ok
E Ts;'s;
i=1

where /15 is defined in step 1la.

= [Z S;(l — 91')(221‘ - wliﬂQ)] =15 =M

i=1

Mg = T2 =

[Z s7'(1—0;)(Z2i — wuﬂﬁ)]

Sovp = (1—=65)22 — (1= 6;)T 1475 — (1 — ;) w13l = (1—0;)Z2i — (1 —0:)Z 1371 — (1 — 0;) w142

. (1 =0;)z9; on (1 — 0;)Z14, (1 — 6;)w1;

The coefficients will only depend in 4, denote them by r;. If (1 — 6;)Ze; = (1 — ;)T 177 +
(1 — 6;)w;Ms, it can be shown using similar arguments than in the previous step that
fir = 73 and 7js = 7a.

. e — 0;T1 on (1 — 6;)Tq;, (1 — 0;)wy;

We can apply the FWL theorem to get the coefficients:

i. First if we regress 1,4 — 0;Z1; on (1 — 6;)Z1;. The coefficient is:

- -1

Yoy - 91‘)21_5'1@111 [Z D (1= 002 (w1 — 911_71@)]
L it 4 it

= > T - 0,)°%,2 > (1 =02 (i — Oifu)]

7 t

_ S
= Z T(1 — 0;)%Z), 71 Z(l —0,)T, T (%5 — Qifli)]

- 1-1

= ZT(l — 0;)°%), 21 ZT(l - 91‘)233/1#11']

L ¢ i

=1,

where Ir, denotes an identity matrix of size k;. Therefore, the residuals will be
T1it — T14-
ii. Now regress (1 — 6;)wy; on (1 — 0;)Z1;.

The coefficients and residuals will only depend on ¢. Denote the later by d;.
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iii. Finally regress x1;+ — T1; on d;. The coefficient will be:
-1
[Z Z did; lz Z d; (x4 — jlz)]
it » it
= [Z Z didi] [Z d; Z(xut - fu)] = 0y,
t i t

%

where we used the fact that >, (x1;+ — Z1,) = 0. Therefore z1,4 — 0;Z1; = (1 —6;)Z1; I, +

(1 — az)wuﬂkl and the residuals will be T1it — jli-
f. Wit — Gﬂf)li on (1 — 91')9_311' and (1 — Hz)wu

Applying the FWL theorem in a similar way than the previous step, we get the following

relationship:

wip — 0;w1; = (1 — 0;)Z1;0k, + (1 — 6;)w1;1x, and the residuals will be wy;; — 01;.
Therefore, after orthogonalizing, we can apply Pooled 2SLS to:
Yir — 0% = (T1ie — 14)B1 + (T2ie — 0i%2:) B + (Wit — Wi )71 + (wair — Oiwiz) 72
+ (1 — ei)fgiég + (1 — ei)ﬂ}iz)\g + ug

using IV’s: [z mge v; 1y

Step 2

In this step we orthogonalize with respect to v; and r; in the first stage equation. Note that these
are the residuals from the previous step associated with (1 — 6;)Zy; and (1 — 6;)32; respectively,

the instrumental variables.
a. lyp = v + 12 + €1.

i. l;; on v;. The coefficient will be:
- 1
= zzvgui] [zzvgz,f]
L@ ¢ Pt
- -1
= ZTvgvi lZv:let]
L i i t

- ngvi] B [Z vél}]

%

Note that lit = 22t — oifgi — (1 — 01‘)5’11771 — (1 — 91)’(?)11'7727 therefore

- 1 R o
l; = T ; [ZQ»L‘t —0;z9; — (1 - ei)flinl - (1 - 07;)11)11'7]2]
= (]_ — 01‘)221' — (1 — 01')3_5‘12'771 — (1 - ei)u_}liﬁ2
= (1= 0;)(Z2i — Tritn — W1ith2) = v;

Therefore, 71 = 1, since 7j; = 75 and 72 = 7jg. The residuals are z9;; — Za;.
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ii. r; on v;. In this case, both the coefficient and the residuals are going to depend only

on i, call them h;.

iii. Regress zg; — Zo; on h;. The coefficient is:

[ [prpea]-o

i
Because the sum of deviations from the mean add up to zero. Therefore [; =
v;I; + 7;0; + € and the residuals will be z9;; — Zo;.
b. Mit = V; T + 7;T2 + €9

i. my on r;

The coefficient will be, after some algebra, 7o = [>, i 7! [>°; mim;]. Noting that

1 ~
m; = T ; [(32it — 0:32:) — (1 — 0:)Z 153 — (1 — 6;)w1374]

= (1= 60;)(32; — T1sTj3 — Wria)
= (1—6;)(32; — T1ifr — WriMs) =13
We conclude that 75 = I; and the residuals are 32,4 — 39;.
ii. v; on 7. The coeflicient will be denoted by 7y = [}, i7" >, mivi], and the
residuals will depend on 4, call them h;.
iil. 395 — 39; on hy.
Using again the fact that >, 39+ — 39; = 0, we conclude that 71 = 0;, which implies
that 7o = m9 = I, and therefore, the residuals will be 39;; — 39;.

In the original first stage we have:

Toit — 02 = (T13t — 0;%1:) 1 + (W1 — 0;013) P2 + (320t — 0:32:) 3 + (w2ir — 0;1W0i2)Pa
+ (1= 0)Z1ip1 + (1 = 0,)W1ip2 + (1 — 0;)Z2ip3 + (1 — 0;)32ips + eFs

After orthogonalizing with respect to [(1 — 6;)Z1; (1 — 0;)w1; (1 — 0;)Z2; (1 — 6;)39i], to
get @ = (@1 P2 @3 P4), we have to regress

Toit — 0;T2ie on [(@2ir — Toir) (T1it — T1i) (Wiae — Wis) (B2ir — 321)}
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We note that if z; = [l'lit W1t 224t 32@5], then the coefficient of xo;; — 6;T9;: on z;; — z; i

4 -1

b = ZZ zit — Zi) (zie — Zi) ZZ zit — Zi) (w20t — eil‘zi)]

Z Z(Zit = zi) (2it — %) Z Z(Zzt = zi) T — Z {Z(Zzt - Zi),} 91'3321]

= Z Z(Zzt —zi) (zit — Zi) Z Z(Zzt —z;) moit — Z {Z(Zn - 21)'} i’zt]
= Z Z(Zzt —z) (zut — Zi) Z Z(Zzt — z;) (z2it — Tai)

Where we used the fact that the terms in curly brackets are zero. Therefore, ® can also be

obtained by regressing (za;+ — Z2i¢) on [(Z2it — T2it) (T1ie — T1i) (Wit — W1s) (B2ie — 322)]

Step 3

In this step we show that Toit — 91‘27721‘ = T2t — 0@% where

—

Zoit — 0iTa; = (X1 — gis_cli)él + (wi — 91"@11’)(2)2 + (z2i — 91'521‘)(133 + (32it — 91‘321‘)5’4
+ (1= 0:)Z1ip1 + (1 — 0:)w1ip2 + (1 — 0;)Z2ip3 + (1 — 0;)32ip4

T — 0;T2; = (w150 — 5311')031 + (w1 — ﬂhi)ﬁgz + (221 — 521‘)&;3 + (32it — 32i)¢~74
+ (1= 0:)Z1ip1 + (1 — 0;)w1;p2 + (1 — 0;)Z2:p3 + (1 — 6;)32ip4

First we note that QASJ» = qzj for j = 1,2,3,4 because in the second equation the respective
explanatory variables are orthogonalized with respect to the terms related to the time averages
of the independent variables. Given this fact and after some algebra, we have that xgit/—E:EQi =
Toit — ngl 1fq§7 +p; =p; for j=1,2,3,4.
To show that the previous equality holds, we start with xzit/_—\?i:fgi. Because z;; = [x144 w1t 22it 32it]
as above, we have
zie — Z = (@1 — T1) (wiie — W) (220 — 225) (3200 — 324)], P = (,01 py Py py) and
b= (¢ ¢y ¢4 @), therefore, xgit/—\?ii‘gi = (22 — z)$ + (1 — 0;)%p. Greene (2007)
shows that given ngS, one can get p as:

p= Z Z (1—6;)2z zz] lz Z(l —0,)z, {-T2it — 0;T2; — (2i¢ — Zz)é}]
ZT 1— zzl‘| [Z ( Z Toit — 93321 —(1—91‘)51/‘ {Z(Zzt_zz)}é>]

i

_ 2(1—9)2z/21‘| [2(1—9) szl]

i A

where we used the fact that ), (z;; — Z;) = 0 on the second line.
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We turn now to xq;; — 6;T2;. With similar definitions as above, given q?), we get p as:

b ZZ (1-6,)°2 z] [ZZ (1= 02 { (w20 — 0321) — (20 9@)&}]

- ZZ (1—6,)%% z] h [2;(1 —0,)z {zt:(m — 0;Z9;) — ;(zit - Hiii)gg}]
ZT 1-6; zz] ZTI— : zmm]

ZT (1-6;)%z z] B [2(1 — 0:)%:(T% — Teizi)és]

ZT (1—0,)°z zl] ZT(l - 91‘)22’,{2’1‘] ¢

=p— 12(k1+l)+1¢ =p—¢

—_~—

Therefore, ﬁ = [) + Qg and hence 11721‘,5/7-77;?221' = XT2it — 9@21

In a similar way and using obvious notation, it can be shown that

—

Way — BiWa; = Wayr — O;Wo;.

Step 4

Given the previous step, the problem becomes:

Yit — 0:7; = (215 — T14) 1 + (T2it — 0:T2i) B2 + (Wist — Wir) 11 + (waie — 0:Wi2) Y2
+ (1 — ei)i‘giéz + (1 - ei)wi2)\2 + wit

using IV’s: [(Zgit — 521‘) (321',5 — 321') (1 — 01')521‘ (1 — 91)321] At this point however, it is
important to note that although we have orthogonalized with respect to (1 — 6;)[Z1; w14], we
still have to include in the first stage equation to obtain the predicted values of the endogenous

variables. Given this, the second stage equation is:

Yir — 07 = (T10 — T1) B1 + (Z2i — 052:) B + (w1 — Wi )71 + (Woie — OiWiz) Y2
+ (1 = 0;)Z202 + (1 — 6;)win Ao
where the * denote the first stage projections on the instrumental variables. To obtain (8 7),
we orthogonalize with respect to (1 — 6;)Z2; and (1 — 6;)w;2.

a. (Z,Eh‘t — fu‘) on (1 — 9¢)3i32i and (1 — ei)ﬂ}ig.

i. (215 — T15) on (1 — 6;)¥2;. The coefficient will be:

Z > a- 91‘)25?/22-1%21] [Z(l —0;)2h Y (214 — T14) | = O,

i t
where we used that the sums of deviations from the mean are zero for all ¢ and the

residuals will be x1;; — T1;-
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ii. (1 —6;)w; on (1 —6;)Z2;. In this case the coefficients and the residuals will depend
only on ¢, call them ;.
iii. @154 — T1; on 4;. By a similar argument to point i just above, the coefficient is O,

and so, x1;+ — T1; is orthogonal to both variables.

b . (w14 — wy1;) on (1 — 6;)Za; and (1 — 6;)W;o. Using a similar argument as in a) above,

w14 — Wy, is orthogonal to both variables.
C. ((,f?git — 91‘%21) on (1 — 92)%21 and (1 — 91)@12

i. (1 —0;)wz; on (1 — 6;)T2;. The coefficient and residuals depend only on 4, call them
U; .

il. (Zai — Hﬁzgi) on (1 — 9¢)i2i. By arguments very similar to previous steps, one can
show that the coefficient is Iy, and the residuals will be (Z2;1 — Z2;)-

iii. (2244 —2;) on ;. By analogous arguments as above, the coefficient of this regression
will be O, .

Therefore, the residuals of this regression will be (#2;; — Z2;)

d. g — Oz on (1—0;)Z9; and (1 —6;)w;o. Using similar ideas as in c¢) above, the residuals

of this regression are wWg;; — Wyo.

Therefore, to find (81 B2 71 72), we run
Yit — 0:7; = (z10 — T14) 1 + (B2ie — o) B + (wrse — Wi )71 + (W2ie — Wiz) Y2

If we collect all the covariates of this regression into a vector &;; — &; (where the z1,; and w14

are their own projections), then:
B )= Z > (@i — ) (fig — ) Z > (i — 73) (yir — QiQi)]
= Z Z(fm —z;) (4 — ) Z Z(i'zt — &) yi — Z {Z(ﬂ?zt - fz)} 91‘271’]

= |22 2 (@i = 8)' (20 — 40)

1-1

Z Z(iﬁzt — ;) (yir — ?71)1

where we use again the fact that the term in curly brackets in the second line is zero. Therefore,

(8 ) can be obtained by regressing

—_— —_—
Yit — Ui on (Tt — T1i) (Toit — Toi) (wiie — W1i) (wair — 1521‘)},

which is exactly the same problem that the Fixed Effects 2SLS estimator solves.

Derivation of the covariance matrix under a control func-
tion approach

Consider the estimating equation in (6.8):

it = (i + it
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where we can write d;; = Z;;1) + U;;. Because every element in a;; is exogenous with respect to

the error term €é;;, we can write:

) _ 1 - ¢ Y 1T 1 al d Y 2
0= ﬁ;;aitait W;Za”yit]
1 ML 17T ;N
= |~7 ; ; GGt NT ; ; (30 + eq)
IR AU B B A
= ﬁzi:zt:aitait ﬁ;;a it altﬁ—i—azte— alt9+ezt)
R 1 NI 711
== \/ﬁ(@—e): ﬁzzd;téit (NT) _’Zza” i — a”)e_’_ elt
] P ) Part2 Partl

Note that because Z/A) % 4, the first matrix on the right hand side will converge in probability
to E (va ST d;tdit) = B. Consider now Part 1:

(Zitz/;)/éit

N T
,l ,l
2 § E ztelt - 2

t

%

= (NT)_% (Gt + Zit) — Eth) €t

N T
(Zztw €t + NG Z Z [zzt w w):| €it

N T
E E Ztézt
t

%

= (NT)*%

M= D= D=

:<NT>*% (2a0)'ést + VNT (b — )’

0,(1)

2"—\

wMﬂ HM% »M'ﬂ wMﬂ

M= -

op(1)

Because O,(1) - 0,(1) = 0,(1), Part 1 converges to [(NT)’% va Zf(iitw)’éit] Now consider
Part 2:

L N T . N T
(NT)_E Zza (azt - azt)e - (NT Tz ZZ Zzt/w azt Zztw]
s ar
(NT T2 Z Z Zzt'(/) azt - Zztw + Zztw - Zztw]
v o
=(NT)"2 ; ;( Zih) vind) — (Zut)) Zia (b — )0

Part 2.1 Part 2.2

o1



Starting with Part 2.1:

T N T
)" Z Z (Zath) vib = (NT) "2 ZZ (Zaeth + Zuth — Zuh) vin
i 7 t

7 t

-

N T
1) 30 3 s v + [ = )] v
i t

(3

N T
Z Z ZM/) Uzte

7 t

_1

[\J

+VNT (4 — ) TZZ ERI
Op(1)

BE(2,5::)=0

So in the last line we have O,(1) - 0,(1) = 0,(1) and therefore the last term will vanish as
N — oo and only (NT)~ = Zf\’ Zf(éitz/})/vitﬂ will remain. Using similar algebra, it can be

shown that part 2.2 will converge to

Z Z Zthl) 257,15\/W ¢ w
Note that ’1; — ¢ = <Z Z Z:tz'tt> ( ZT: Z ti}zt>
- \/ﬁ(iﬁ - (NT Z Z Zztzlt) NT 2 Z Z Z”U’t]

Putting everything together we have
| DT -1 N T
Sy a8 _1 o . o .
S {3 [ -dan
it it

N T
:B_l {(]VT‘)_é ZZ(ZrLt'(ﬁ)l [éit + Uzte — Zzt(’(ﬁ — w)9:| } + Op(l)

i t

Hst

N T
2 2 AGu) (B + ) ] ZZ{W Vi VNT(D — )0 }+op<>

i

=Bt {(NT)%

~+

where \/]W(zﬁ —) = (ﬁ Efv Zf Z;ﬂn) [(NT)_7 Z Zt tvlt}
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And therefore, by the Central Limit Theorem,
VNT(6-6)~ N{0,B'MB~'}

where M = Var [zﬁv ST (Zih) (6 + 1200) — G - m(@p)o} — Var [ziN > m,;t]

B can be estimated with
| NI
A sy oa

To estimate M, let

thie = (£0) (€t + 0:00) — G - 730 (1h)0
where,
é;¢ are the residuals from the second stage.
¥y are the residuals from the first stage (note that v is a vector).
A NT/e /s
G=xp 2 2 Gat) Ze. )
a2 NT . )\~ 1N T . 8
i) = (3r SV ST 2a) [N RN S 26l
With these quantities defined, the (r, s)-th element of M can be estimated as
- 1

Mrszi
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where once again the kernel function K(-) is operationalizing the weak spatial dependence

assumption.
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Additional Simulation Results

Table Al: Average of the estimated variance of 31 over the 1,000 replications using a rook type
weighting matrix, N = 400, T=5.

CF  CFmol True value | HACSC SHAC Cluster Non-Robust True value

p U CF 2SLS
0.0 0.041 0.037 0.0386 0.082 0.068  0.086 0.069 0.0866

0.0 0.3 0.037 0.034 0.0352 0.076 0.062  0.078 0.063 0.0726
0.7 0.035 0.032 0.0323 0.071 0.058  0.073 0.059 0.0706

0.0 0.043 0.039 0.0428 0.087  0.071  0.089 0.072 0.0906

0.3 0.3 0.040 0.036 0.0364 0.079  0.065  0.082 0.066 0.079
0.7 0.037 0.033 0.0359 0.074  0.061  0.076 0.062 0.0829

0.0 0.062 0.055 0.0558 0.111 0.091  0.115 0.092 0.1092
0.7 0.3 0.057 0.051 0.0535 0.103 0.085  0.106 0.085 0.1118
0.7 0.054 0.048 0.0488 0.096 0.079  0.099 0.080 0.0954

*True value computed as the variance of 3; across the 1,000 replications.
All the numbers were multiplied by 100 for readability.

Table A2: Average of the estimated variance of B2 over the 1,000 replications using a rook type
weighting matrix, N = 400, T=5.

CF  CFmol True value | HACSC SHAC Cluster Non-Robust True value

p Y CF 2SLS
0.0 0.069 0.066 0.0724 0.080  0.066  0.083 0.067 0.0803

0.0 0.3 0.063 0.060 0.0644 0.074  0.061  0.076 0.061 0.0738
0.7 0.060 0.057 0.0623 0.069  0.056  0.071 0.057 0.0704

0.0 0.074 0.071 0.0756 0.086  0.070  0.089 0.071 0.0894

0.3 0.3 0.068 0.065 0.0761 0.078 0.065  0.081 0.065 0.0862
0.7 0.063  0.060 0.0646 0.073 0.061  0.076 0.061 0.0793

0.0 0.119 0.114 0.1237 0.131 0.108  0.136 0.109 0.1376
0.7 0.3 0.108 0.104 0.1125 0.120  0.099  0.125 0.100 0.1297
0.7 0.101  0.097 0.1004 0.113 0.093  0.116 0.094 0.113

*True value computed as the variance of 35 across the 1,000 replications.

All the numbers were multiplied by 100 for readability.
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Table A3: Average of the estimated variance of 33 over the 1,000 replications using a rook type
weighting matrix, N = 400, T=5.

CF  CFmol True value | HACSC SHAC Cluster Non-Robust True value
p U CF 2SLS
0.0 0.275 0.242 0.24 0.742 0.615  0.772 0.620 0.79
0.0 0.3 0.252 0.220 0.22 0.680  0.558  0.700 0.563 0.64
0.7 0.239 0.206 0.21 0.631 0.522  0.654 0.526 0.63
0.0 0.291 0.252 0.27 0.769  0.636  0.796 0.640 0.81
0.3 03 0.271 0.232 0.24 0.705 0.581  0.730 0.587 0.71
0.7 0.254 0.215 0.23 0.660  0.545  0.681 0.549 0.72
0.0 0.377 0.314 0.33 0.917  0.758  0.949 0.763 0.90
0.7 0.3 0.350 0.290 0.29 0.860  0.709  0.884 0.712 0.91
0.7 0.329 0.270 0.29 0.794  0.657  0.824 0.662 0.79

*True value computed as the variance of 33 across the 1,000 replications.
All the numbers were multiplied by 100 for readability.
CF_nol refers to the HACSC estimator ignoring the first stage estimation using a CF approach.

Table A4: Rejection probabilities for the null hypothesis Hy : 31 = 0.7 at a 5% of significance using
a t-test over the 1,000 replications with a rook type weighting matrix, N = 400, T=5.

CF CF.nol HACSC SHAC Cluster Non-Robust

P
0.0 0.050 0.062 0.068 0.088  0.055 0.081
0.0 0.3 0.047 0.057 0.056 0.072  0.052 0.076
0.7 0.043 0.054 0.053 0.068  0.046 0.068
0.0 0.054 0.066 0.068 0.089  0.058 0.088
0.3 0.3 0.048 0.062 0.057 0.073  0.042 0.072
0.7 0.045 0.067 0.059 0.083  0.060 0.083
0.0 0.049 0.067 0.065 0.079  0.057 0.079
0.7 0.3 0.047 0.062 0.071 0.093  0.064 0.095
0.7 0.051 0.064 0.050 0.070  0.040 0.070
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Table A5: Rejection probabilities for the null hypothesis Hy : B2 = 0.6 at a 5% of significance using
a t-test over the 1,000 replications with a rook type weighting matrix, N = 400, T=5.

CF CF.nol HACSC SHAC Cluster Non-Robust

p
0.0 0.076  0.067 0.069 0.096  0.061 0.093
0.0 0.3 0.078 0.064 0.077 0.101  0.066 0.102
0.7 0.079 0.072 0.079 0.104  0.074 0.105
0.0 0.082 0.072 0.089 0.108  0.076 0.105
0.3 0.3 0.082 0.075 0.079 0.106  0.076 0.104
0.7 0.081  0.069 0.089 0.119  0.078 0.108
0.0 0.071  0.068 0.075 0.099  0.073 0.099
0.7 0.3 0.077 0.066 0.092 0.111  0.080 0.110
0.7 0.069 0.064 0.063 0.080  0.053 0.077
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Figures

Control Function with correction HACSC Clustered

— True

0.005 0.010 0.015 0.020 0.005 0.010 0.015 0.020 0.005 0.010 0.015 0.020
CF ignoring first stage SHAC Regular

0.005 0.010 0.015 0.020 0.005 0.010 0.015 0.020 0.005 0.010 0.015 0.020
Figure Al: Distribution of the computed variances of 53 obtained for the case with e following a

spatial AR(1) process (p = 0.7), and a following an AR(1) (¢» = 0.3), N =400, T = 5.
*True value computed as the variance of 53 across the 1,000 replications.
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